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>■» In this section, we shall revise some basic curves which 


are given as. 



f. Polynomial Function 


A function of the form: 

/ (x) = a 0 + fljX + a 2 x 2 + ... + a n x n ; 
where n e W and ga 0 , a } , a 2 ,...,a n e R. 

Then,/is called a polynomial function. “/(x) is also called polynomial in x". 
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Some of basic polynomial functions .re 


Identity functlon/Graph of /(*) = * 


H 

|| * ZZ * by /(X) * * fW 1,11 *«*•" «.IN 

-tlLs j rtfjiy function* . . |f 

f$r Mere v = x clearly represents a straight line passing through 

3JE t v origin and inclined at an angle of45" with x-axis shewn as: 
’ZBL- The domain and range of identity functions are both 

' 2 k - equal to R. 

9 H 

P: P] (it) Graph of f(x) - x 

it j h function given by fix) = x 2 is called the square function. 

- Jl j -phe domain of square function is R and its range is R * u {0} 

1 v ^*"or(0,<*) , , c . ? . 

Clearly y = x . is a parabola. Since y = x* is an even 

function, so its graph is symmetrical about y-axis, shown as: 

jALl (iii) Graph of/(x) = x 3 

A function given by fix) = x 3 is called the cube function. 

The domain and range of cube are both equal to R. 

Since, y = x 3 is an odd function, so its graph is symmetrical 
P" about opposite quadrant, i.e., “origin”, shown as: 



J i | 

>1 " 


4U-4 


(fv) Graph of f(x) = x 2n ; n € N 

IfneN, then function/given by fix) = x 2n is an even function. 
So, its graph is always symmetrical about y-axis. 

Also, x 2 > x 4 > x 6 > x 8 >... for all x <=. (-1,1) 
and x 2 < x 4 < x 6 < x 8 <... for all x e (-~, -1) u (1, 

Graphs ofy = x 2 , y = x 4 , y = x 6 ,..., etc. are shown as: 


y=-x x 


y=x 4 y=x e 




Fig. 1.4 

MM 

“yPneWMl^i!!! * e fUnCtion ^ 8> ven *>y /(*) = x2 "" 1 1S 

*>°ut origin or opposite quadrants. 




Fig. 1.3 


an 


odd f unc,i0 "’ 


So, 


its 


g*r 
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Here, comparison of values of x v ' v s 

9 1 t • • > 

for 


re (1, **) 

re (a 1) 
ye(-l, 0) 
re 1) 


r < x' < x ■* < 


A* > v 


X' >... 


•v < x 1 < r’’ < 


a > x > x 


Graphs of /(r) = r, f( x ) =■ r 1 fi Y \ _ /, . 

, c JV ; ' •yuj-r ,... arc shown as i 

ic. 1.5 


Fig- 



2. Rational Expression 


A 


fu I mined by dividing a polynomial by another polynomial is called a rational function. 

’ / Or) = P (x) 


i.c., 


Q(x) 

Domain e R - {r | Qfx) = 0} 
domain e R except those points for which denominator = 0. 


Graphs of some Simple Rational Functions 
(i) Graph of f(x) = 1 


A function defined by /(,) = I j s called thc reciprocal 

funenon or rectangular hyperbola, with coordinate axis as 
asymptotes. The domain and range of f(x) = I j s r _ 


Since, /(x) is odd function, so its graph is symmetrical 
about opposite quadrants. Also, we observe 

hm /U) = + co and lim f{x) = - <» 

* v_x n - 

and 


1- 

Wi) 


---1 

— 



o~T 






Fig. 1.6 


x —> 0 

as x —» ± « =v /(r) —> o 


— r y v-*- y —7 \ 

Thus, /(x) = — could be shown as in Fig. 1.6. 


00 Graph of f(x) = _L 
x 2 
1 . 


and 


HerC ' = ^ iSa " evcn 50 graph is symmetrical about y-axls 

Domain of /(x) is R - {0} and range is (0, ~). 

Also, as y _» as Um f(x) or |im /( 

X u X -» 0" 



y 0 as lim /(x). 

X —> dr oo 

i_ 

.2 


^ ^ Thus, /(x) - ___ cou j (1 be sbovvn as jn p. j 7 

lilSt 



. : .. ■ ■ : 



rv 

> • 

3 




LA . 

m 
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P »'* . 

l |,j (It) ^ 

Hetr>/^“ x* rt ‘ 4 ,iM»‘ ,rrtn1 *' , 

».- 

0. Mw,r i|,n /O')' 

l-l 

0 


wii*** 1 x ;:■ o 


y ■- ' I . ,!,c 

.." 


* i • 


5 

PI 


Thu** 


1 


. . graph «< / (x) “ x WhlCh ha<l 

J ] * 11 ' **" »*es, « ln M *- ’ 8 

Li %,|y,Or.ph°</<*» *>"' is an even 

. , )nt the function /(*) 2 « 

We observe in x 

„l,i s »ymm C trlcal»bouty-axi». 

function, so i<® K r ‘*P ' ^ or Um /(*) 



fill-1.8 


Also, r-*"’“ s 


IS *"" n v' X -> O' 

lim ffx) or lim fix). 
_> 0 as lim jw x -> + oo 


. v -» u *** ' X -> + 00 

P Thus, the graph of fix) - » r 4 



Fig. 1.9 


1 w f i f | nvi*> —- ^ * x - X 

u nf f r yl - — which has asymptotes as coordinate axis. Shown as in Fig. if. 
! 4— ~ similar as the graph of J W - ^ > 


W: 


Tc“^«on containing terms having non-integtal rationai powers of * « 
irrational functions, 

Graphs of Some Simple Irrational Functions 

1/7 

(i) Graph of/(x) = x 

Here; /(x) = Vx is the portion of the parabola y 2 = x, which 
lies above x-axis. 

Domain of /(x) e R + u {0} or [0, °°) 
and range of /(x) e R + u {0} or [0, °°). 

Thus, the graph of /(x) = x 1/2 is shown as; 


t 

..~vL 

. 5$ m 


Note If f(x) s x n and g(x) - x l/n , then f(x) and g(x) are inverse of 




I 
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,VJ 


( 6 / 

. 




and 


p\) Graph of f(x) = x' 

A< discussed above, \f c i v'l - v s -rv, 

v , ^va'-a . rhen ff vl - v t .< 
ivtge ot S(.v) about v * a\ ' KXJ ~ x 

domain f(x) e K. 

ranjje of/tv) e & 

Thus. the graph of n v) = v l 5 ,u 
n , ' K * A shown in Fig. 


(iii) Graph of /(x) = x vln ; n e N 

, H f £ ' /^V. = V ? deilned for a U -vs [a ~) and the values 

taken by j tv) are posinve. 

So. domain and range of fix) are [a 

Here, the graph ot t (.v) = x 1 “• is the mirror image of the 

graph of fix) = x~ about the line v = A \ when x s [0. 

Thus, j (a) = .v . fix) = .x" ' — are shown as: 


(iv) Graph of f(x) = x t,2n-1 , when n s N 

Here, fix) = x 1 z '~ : is denned for all xeJt. So, 
domain of fix) e R, and range of fix) s R. Also the 
graph of fix) = x 1 is the mirror image of the graph 

of fix) = x 2 ^ 1 about the line y = x when x s R. 


Thus, fix) = x 13 , fix) = x 


_ v V5 


are shown 


as: 


Note We have discussed some of the simple curves 
for Polynomial, Rational and Irrational 
functions. Graphs of the some more difficult 
rational functions will be discussed in 
chapter 3. Such as; 

1 x 2 + Xfl 

y = -5—r. y = ~2 


y = 


X 


x + 1 


x 2 -! 


X 4 - Jt T 1 


Piecewise Functions 


y = jc 3 



Fis. 1.12 


1- 


-1 

0 

-T-► 

1 

/ # / 1 
# j i 

* v _L 




Fie. 1.13 


As discussed piecewise functions are. . . 

& (a) Absolute value taction (or modulus function), (b) Signum hincoon. 

p (c) Greatest integer function. K 

!■' (e) Least integer function. 

I (a) Absolute value function (or modulus function) 

. . u x>o 

y = 1*1= 


-x, x < 0 




©intrepidGeeks 


5 

r 


} 'V 

y ; 
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It — 


» 
£ 
a 
(0 
b 

0 

‘I 


rang*' * 

ml*l««-'“-:; or ,v £ a; (..SO) 


(0 1*1 

(ii) 1*1 2,1 , , . 

(iitl |.v±.v|Sl'i + l- v 
(iv)|.v±yl 2 ll*H^ 

,... (b) Signum function, y - s Sii*> 
It is defined by; 

‘If 

x 
0; 



p lg. l. 


14 


y-axis 


or 


x 


l-v| ’ 


;• W ' v = Syn(.v) = 

Here. 

and 

(c) Greatest integer function 


x * 0 
x = 0. 


+1, if x > 0 
-1, if x < 0 
0, if x = 0 


: \ 


Domain of /(x) e R. 

Range of /(x) e {-1, 0,1}. 


1 




0 — 


-1 


**■in 




—>—* 

:• ^ ' t 


M indicates the integral part of .v which is nearest and smaller 
- mv It ic also known as floor of x. 

(2.31=1 [0-23] = a [2] - 2 t-a07251 - - 9,.... 

In general; 

„<x<n + l (nsInteger) =>[x]-n. 


Fig. 1.15 

M = n 


n 

K 


x 

Fig. 1.16 


-4- 

n+1 

—H 


y-axis 




3j± 


X 

W 

0<x<l 

0 

1< x< 2 

1 

2<x<3 

2 


Thus, f{x) = [x] could be shown as; 
-M— Properties of greatest integer function 

(i) [x] = x holds, if x is integer. 

(ii) [x -f I] = [x] I, if I is integer. 
Ciii) [x + v] > [x] -f [y]. 

(bO If[6 (x)] > I, then p (x) > /. 

0?) If Ip (x)] < I, then p (x) < I 4- L 
fri) [-x] = - [x\ if x e integer. 

( v ii) = ~ W — 1, if x g integer. 
“It is also known as 



3 •— < 

i —4 |-1-—+—♦ 

—h-H-»- 

-3 -2 -1 

b 1 2 3 4 M 


-1 

—< 

-2 

.— c 

..-3 


Fig. Id7 


stepwise function/floor of x. 
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,d) Fracti cna * part of function 

Here. {•> denotes the fractional part of.v. Thus, in v - (vl. 

X = ^ V? = 1 + ■ ’ vvhcrc 1 - t-vj and / = {.v} 
r .v], where Os' {.v} < 1; shown as: 

y 


X I (V> 

0<x<l | , v 

l<x< 2 

x - 1 

2<x<3 | 

-v- 2 

—1 < x < 0 ! 

___ 

x + 1 

-2< x< - 1 | 

x + 2 



Properties of fractional part of x 

(i) {x} = x ; if 0 < x < 1 

(ii) {x} = 0 ; if x e integer. 

(iii) = 1 — {x} ; if x e integer. 

(e) Least integer function 

y = (x) = [x], 

(x) or x indicates the integral part ofx which is nearest and greatest integer to x. 

It is known as ceiling ofx. 

Thus, f2.3023"| = 3, (0.23) = 1, (-&0725) = - 8, (-0.6) = 0 
In general, n < x < n + 1 (n e integer)) 

[x] or (x) = n +1 

shown as; 

Here, /(x) = (x) = lx], can be expressed graphically as: 


M = n (*) = [x|= hh 



X 

M = (x) 

-l<x<0 

0 

0< x< 1 

1 

1< x< 2 

2 

-2 < x < - 1 

-1 

-3< x<- 2 

-2 


y-axis 


3- 

>— 

2- 

>— 

1- 

—i-i-1- h}— • 

>— 

-4 -3 -2 -1 

>— -1- 

O i 2 3 4 

>— * -2 


3 * -3- 



x-axis 


Fig. 1.20 


Properties of least integer function 

(i) (x) = |Y| = x, ifx is integer. 

(ii) (x + /) = fx + /] = (x) + I ; if I e integer. 

(iii) Greatest integer converts x = I + / to [x] = I while fx] converts to (/ + 1) 


n* 0 *® We shall discuss the curves: 

’Uui '• X * {sln X> ' y = {x3> ' y = {sln ’ 1 (sin X)} y = t sinx ^ etc - in chapter 2. (Curvature and 
Transformations), 




i i 

— 4 ' 


3 


i... 


1 

4- 


4*—L 

t 

i 

rt .- 

I 

T*~ " 

•I— -i 
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m 


transcendental functions 


I 


I x can be discussed in two ways i.e., Graph diagram and Circle di^ 

6^ Doma' n ols> 


mgj000 



(-1’) 


(!■’) 

L -1- A -1- 


. T y " 

n, \ h 

-2n I 3ti -7t\ k j 

/ 2 \ 2 / 

0A i\T/^ 

Kt-fi 

"fiM . 


— Graph diagr » n1 

(On x-axis an . v increa ses 

^ x 2 = m-l to 1 asxincreases 
'“V £ decreases strictly 

from' 2 10 2 ’ „ 

ftoml ,0 " las)t ' ncreaSeS ^ r0ro 2 
S W and so on. We have graph 

-:"r* LU o 

m 2 r , B .^ ± 

iJ aS ’ "g&’jg fteTln above figure, AB - CDafter every interval of 2a). 
J every m ^ f 
sinxi 


Fig. 1.21 


:1 


nterval or zn. u- e -> - - -- ' . 

sin x is called periodic function with penod 2a. 


m 

~T' 




AS 


Circle diagram 

(On trigonometric plane or using 
quadrants). Let a circle of radius 1, 
U, unit circle. 

a 

Then, 


HI' f 


sin<x = -, 

• R b 
sinf) = -, 

c 

sin v = - 
' 1 


sin8 = shown as. 

1 

sinx generates a circle of 
radius T. 




(b) Cosine function 
Here,/(x) = cos x 

The domain of cosine function is R and the range is [-1,1] 

Graph diagram (on x-axis and y-axis) 

ft frnm^i c os x decreases strictly 

1 



...,571,371,71 y=0\ 


0 =y x=0,2%M,.. 


Wli 






£ 

m 

ifa . 

i§ 


; v V'. 


y> 

(0,1) . y*’ 


_\ — 

-2tc -3tA -7t 7-^2 

0 id\ * 

\ / * " r 


. 

(-71, -1) 


Fig- 

1.23 




J5 
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Circle diagram 

Let a circle of radius T i e • , 

A > ‘-e., a unit circle. 


Then, 


cos a = - 


cos p = - il 
1 i’ 


cosy = £ cos6 s - - 
1 1 


cos x generates a circle of radius *i\ 


(c) Tangent function 
f(x) = tan x 



Fig. 1.24 



Note Here, the curve tends to meet at x = ± -, ± — ± f but 


never meets or tends to 


infinity. 


n 3n 5 k 

x = ± 2’ ± ~ 2 ’ ± ~2 are asym P totes t0 y = tan x. 


(d) Cosecant function 


r 


y = cosec x 


fix) = cosec x 

y* 


y=cosec x 


it 


y=cosec x 


:V 





y 2= cosoc x 


• • - ‘ 

1 v vV‘; 


y =cosec x 

Fig. 1.26 


Sf$j 


-..vV * . 

IP 

Sc v ; •'••• ■: 






3 

+ 

5 

0 

a 

c 

0 

#+ 


0 

3 

0 

0 


&> 

TJ 

T 

(/) 


mz: 


•i—i— 

i 

i~r~ 


rrn 


i i 


'p~j— 

rn 

1 . 

i r 

... . 

i i 'T 
I : ; 


‘ r 

1 

i 

! L 

.... 1 . 

ij 

J_1 

! f 

,^.4 _ 

n i 





^44- 

i± 
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t \i - cosec x is, 

IIe rc, domai n > ’ R-{Q,±n, ± 2k, ± 3n,...} 

j, R - {nn| n e z) °nd range e /U (_ a ^ 

»^ ^ with pcriod 2 * 



% (e , Secant (unction 


/(*) = see X 




Here, 


Shown as; 


|(2n + l)- 

n e z • 

[ 2 



Range e R - (-1, i) 
y k 

y- soc x 



Fig. 1.27 

The function y = sec x is periodic with period 2 n . 


Note (i) The curve y = cosec x tends to meet at x = 0, ±n, ±2n,... at infinity. 

x = 0, ±rc, ±2it,... 

or x = nit, n e integer are asymptote to y = cosec x. 

(ii) The curve y = sec x tends to meet at x = ± — ± —-,... at infinity. 

2 2 

*'• X - ± -, ± , ± — or x = (2n + 1) ~ , n e integer are asymptote to y = cosecx. 

Here, we have used the notation of asymptotes of a curve in the context of special curve 
but we would have a detailed discussion in chapter 3. 


« . ? /• 


(f) Cotangent function 
Here, 


/(x)= cot x 

domain e R - {mt| n e z) Range e R. ^8; 

x. and has v = nir n c 7. as asvmDtotcs. As shown in 


w j.j i . uomain e K - tmi| n € z) nangc t n. 

S Periodic with period 7i, and has x = rnt, n e z as asymptotes. 


H3 




• l : • •-•V v : ' • 

' ;* ’ ! ■ ’ ' 
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4_ j .V: 


3 

r* 

0 

& 

c 

0 


f:: 

3 * 


Fig. 2.28 


0 

3 


■ “ -~ ~ > ~ ~ - ■ 2 - f - x = R. vriiere domain s R, 

Ranges (0, »). 

lise - - > ‘ 

~ er£ " - x - — - = - —vnm the increase in x, Le., fix') is increasing function on R. 

y i v=a r .a>' 



0 

15 

0 

■* 

o> 

T3 

T 


°l 

Fig. 1.25 


For example: 

y = 2r, y = 3 r , y = 4 r ,...have; 
2 X < 3* < 4* <... for x > 1 
sod 2 Z > 3 X > 4 r >... for 0 < x < L 

they can be shown as; 


y-axis 



4' 


,3* 

r2' 


( 0 . 1 ) 


• x-axis 


y=a 


Case G. 0 < a < 1 

Here, fix) - a* decrease with the increase in x, Le., fix) is 0<a<1 
decreasing function on R. 


“In general, exponential function increases or 
decreases as (a > 1) or (0 < a < 1) respectively”. 


3. Logarithmic Function 



x-axis 


; Qff'erse of Exponential) 

|f The function /(x) = log, r, {x, a > 0) and a * 1 is a logarithmic function. 

If- Thu*, the domain of logarithmic function is all real positive numbers and their range is the set R 
all. real numbers. 

f We have seen that y - a* is strictly increasing when a > 1 and strictly decreasing when 


{ J 

H* 




~H—: 

. 1 



1 1 | 


:t.'r.r 

11 

; • .. .. » . 


:j~; 

.} • 


1. i 

r.r- 


J 
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W\\\^ iW twjwthut U 1111 ' “ s 

1 11,4 ’ 

VW wvtVv 

v ~ U v V-Nu.Vi 

Vi\m V*K m\ ) 

wu\iwg v - log* v lw platf '* v 11 

^ Hlso 

\jzsss~ .-r. 

if . . «**»*<"* ,UI "" 

M », Kvi.^"'"^ 1 " 11 ' 9, ' 

r a, loM* =ml ° M 

v 4<loM*i 

^ l^* « 3 m ^ U 

. \ 

<k tag* a 85 


l|0 * H * I 

\ (loin 


n 


II a * ) 
v <un. 



■ - r k i|«lh 
!► 


( ) 


■> 

( 1 , 0 ) 


K£ 


n«. \,r/ 

(«, h> 0} 

In, h> 0} 

(o> 0 and melt) 
(n> 0 and a * \) 

{(i, b > 0, Ij^ I and 


me H) 


7^ 


H* h 

. log im (i 

«. u 1 ® 1 " * m 

S>. #*** = « 

Ws lflOg„ r Y> v 


which could he graphically shown as; 

U m > 1 (Graph oUog m n) 


(«, /»> 0 and a, /}/.!) 

{(i, I) > 0 •/• {1} and m > 0} 

(<i, m > 0 and a r/: |) 
(n, I), c > 0 and c ?. 1 } 
m> l {in, x, y ,> 0and m * 1 } 
x<y, if 0 < m < 1 


\x>y, if 
-> J 


lOQmX 

kxjH.y 


O 


"A 


7 T 


T \ y x 


Fig. 1.33 


** log w .V > log w y when x > y and m>l. 


hill 


«) 





H. log m a » b -•> a - m b {a, m > 0; m * 1; b e R) 


12. log r( .a>b =* 


13. 


m 




a>m b ; ifm>l 
u<m h ; if0<m<l 

a cm 1 *; ifm>l 
a>m b ; ifOcmcl 
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Si <•■ * “ ' • 


eN 


V„1 


** * * v * * ~ 0 to^wsfcw* vi wm\\[ \'m), We . > 

:w»ow> ' p : 9 

whew ,v = 0 
vv hrw y s 0 

joining «Kw \vvints wo w^uhwl straight lhu\ 

(5) Circle 


SnCt .V = 


v. 

S3 


0 


\(-m 

lig. 1,35 


Wc know. 


& 


x + > 


f ^ «•*. * 


and radius r\ 


' is circle with enure (i\ 0) 


Cro 


0) 


(no) 


Fig. 1.36 

(iii) .v 2 + y 2 + 2s* + 2.6' + c = 0: 


centre (-$, - /): radius <Jg 2 + /“ 


- c 


4 

/ 

/ 

1 

1 

\ 

\ 

\ 

\ 

c*"" ■ 
(-9.-0 / 

X 

7° 

l 

1 

\ 

\ 


Fig. 1.38 


(c) Parabola 

(i) y 2 = 4ax 

Vertex 
Focus 
Axis 

w p Directrix 

..... . , ■ ' : 


iV 


( 0 , 0 ) 

(a, 0) 

x-axis ory = 0 
x = - a 



c J ; *■•' •••'<• *. •'■;. ; ; -. • - 1 •' 


(iO (,v - u) J t (y - t>)~ - r a , circle 
centre (a, t>) and radius r. 


with 


a' 

"i 

2 

e. 

c 

0 

|4 


(a. f>) 

C *r ' 

I 

/ 

✓ 

-7’*" 


_ 

Fig. 1.37 

(iv) (.v - .v,) (.v - x 2 ) + (y - y 1 ) (y - y 2 ) = °- 

End points of diameter are (x,, yd and 
(.v 2 ,y 2 ). - —- 


0 

3 

0 

Hh 

C> 

•*1 

n> 

*0 

3- 

(o 


1 

/A^- 


O 


-»D 




(* 2 . y 2 ) 


4 

I t 


Fig. 1.39 


r:j 


1 •: 

L l 

I t 


(ii) y 2 =-4ax 

Vertex 

Focus 

Axis 

Directrix 


( 0 , 0 ) 

(- a, 0) 

x-axis or y = 0 


x = a 


I 

[J 

•j- r 

i 1 
L 1 

i 

4— 


1 13 
13 

OT 
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Fig. 1-40 


(iii) x 2 = 4ay 

Vextex • (°> 

Focus ’• (0, a) 

Axis : ^ or * = 0 

Directrix : y- a 




(iv) x 2 = - 4 ay 


Vertex 

Focus 

Axis 

Directrix 


( 0 , 0 ) 

(0, - a) 

y-axis or x = o 
y = a 



(v) (y - k) 2 = 4a (x - h) 


Vertex 

Focus 

Axis 

Directrix 


(h, fc) 

(h + a, k ) 
x = h 
x = h - a 


(d) Ellipse 

( 0 , 0 ) 

(±ae, 0) 

(±a,0) 


Eccentricity: 
Directrix • 







Scanned by CamScanner 



































I 


<*» 


* 1+4 = 1 <° 2< * 2 ) 

fl 2 * 2 


- 

[ b*>a* 

r 

(0 M 

r> 

(- 3 - 0)1 


vj 

to,-*) 


directrix 


Fig. 1.46 


(iff) 


(x-^ _(y-jT gi 2 >b t } 
a 2 b 2 



Fig. 1.47 


(e) Hyperbola 

x 2 y 2 _« 


Centre : 

(0, 0) 

Focus : 

(±ae, 0) 

Vertices : 

(±a, 0) 

Eccentricity : 

I, b 2 

e ’V 1+ 7 

Directrix : 

. a 

x = ± — 


e 


In above figure asymptotes arey = ± - x. 




= 1 



(«f) 


(X-/T) 2 


(y -*) 2 

b 2 


1 
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i: i 


, fl « (Rectangular hyperbola) 

|IV,X ;iJo.«arepen>endia.l« r Thcrc f °rc, 

AsasymP to , t '. 1 „ m , r bolo. 


ftt. As asympw erb0 | a . 
SfB called itcuuigutarbype 





y=* 


y = -X 


Fig. 1.51 


(v) xy » c J 

Here, the asymptotes 

y 


,,rcjf *«xl»andy. (| 



asympioio ** 


Fig. 1.52 



-ri- 


---- “mpTL. have used the name asymptotes for its complete definition s*® 

Note In above curves we 

chapter 3. ----- 

Inverse Trigonometric rations are many one in their domain, hence, they arc not 

As we know trigonometric run 

invertible. ^ be obta j ne d by restricting the domain so as to make invertible. 

. Let /(x) = sin x 

For example: 

2 * 2 


*’• If/: 


n 7t 
2 ’ 2 . 


[-X, 1] defined by /(*) - «n * is invertible and inverse can be represent 
y = sin 1 ar. (-issin-'xsf 


Similarly, ,, 

y = cos x becomes invertible when / : [°> 71 J | ’ 

r . I -4 (-°°, °°) 

y = tan x ; becomes invertible when / •' I _ ^ ’ 2 J 

y = cot x; becomes invertible when /:(0,7t) -* J ’ 

: K - H- 1} 

y - sec x; becomes invertible when /: [Q> 71 J 12J 

- {0} -> R' ( ' u) 


;t;; i y - cosec x; becomes invertible when / 

. • . : 


71 7t 
2 ’ 2 . 



. . . • . - 


Scanned by CamScanner 





























(i> 


and 



As we have discussed earlier, “graph of inverse function is image of /(x) about y = x” or “by 
interchanging the coordinate axes”. 

(iv) Graph of y = cot -1 x ; 

We know that the function / : (0, it) -> R, given by /(6) = cot 0 is invertible. 

•\ Thus, domain of cot -1 xe R and Range e (0, it). 


P ; 

v /■ -V *. V . 

1 - - 



; | 


m 

* ( i 

_L 


4-4- 


4_i. 




Tt 


n r * j 

17 

< 1 * -. i 


±J.„L 

i44- 

44 — i~ 
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r 


^-1 

(V) Graph for y = se f nl - 1 ] u [ 1 , ~) given by /( 0 ) = sec 0 is invertiblr 

The function/:W*J | 2 | lc 

- sec' 1 x. has domain € R - (-1, D and ran S e e W "3 ~ {§} : shown as 


' r" 




/i 



y = sec 1 x x / 



t 




2 



0 

1 


X = 7C/2 XslC 


y=secx 


(vi) Graph for y = cosec 1 x; 


y= sec -1 x 


Fig. 1.57 


As we know, /: 


n k 
2 * 2 


{0} -» R - (-1,1) is invertible given by /(©) = cos 9. 

y = cosec -1 x ; domain e R - (-1,1) 

_ 7 t Tt" 

. 2 * 2 . 


Range e 


-{ 0 }. 





ft 



i- 

V 



1 


X 


x=-n !2 


x=nJ 2 



y 


y=7i/2 



i 


—— * — 


O 1 

X 


— 


<\J 

I 

‘ II 


y- cosec x 


x = —1 x=1 

y=cosec _1 x 


Fig. 1.58 


Note If no branch of an inverse trigonometric function is mentioned, then it means the P rin p 
value branch of that function. nth e 

■ Drinrhl I* 0 , branch °* an ' nverse trigonometric function is mentioned, it will 
jg pal value branch of that function, (/.e.,) _ 


. ■ ■ - ' - : : 
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I Function 

Domnin 


value branch 

x 

2 . I cos' 1 x 

3. tan" 1 .v 

1-1, 11 

if-if 

~ . wherey » sin 1 x 

2 * o 

[-1, - 1} 

R, 

[0. Jil 
(-!• §) 

0 <, y £ ir, where y « cos 1 .v 

y < £ , where v* » tan 1 x 

2 ' 2 

4 . I cosec" 1 .v 

5 . sec" 1 .v 

6. J cot" 1 x 

( — °°> — 1.1 V,' 1 1, oo 

fir]-™ 

~£ £ y S ~ ; v * 0. where y * cosec" l .v 

2 ' 2 ' 

- 1] U [1, OO 

*> - If} 

0 <,y £ ni v '/ |~|» where y a sec .v 


(a to 

0< y < k : where y » cot " 1 .v. 


TRIGONOMETRIC INEQUALITIES 


To solve trigonometric inequalities including trigonometric functions, it is good to practice 
periodicity and monotonicity of functions. 

Thus, fitst solve the inequality for the periodicity and then get the set of till solutions by adding 
numbers of the lorm 2 nn; n e s, to each of the solutions obtained on that interval. 


EXAMPLE Solve the inequality: sin .v > - 
! '2 

0 SOLUTION As the function sin .vhas least positive period 2n. {That is why it is sufficient to solve 
inequality oi the form sin x> a, sin ,v> a, sin .v< a, sin ,v£ a first on the interval of length 2it. 
and then get rhe solution set by adding numbers of the form 2nn, n g s, to each of the solutions 

obtained on that interval}. Thus, let us solve this inequality on the interval n 


, where 


graph of y = sin x and y = - - are taken two curves on x-y plane. 

y 


/ \ 

/ \ 

/ \ 

/ \ 

L \ 



. Sill ,V N 1 

1 ;> 


/ \ 

' \ 

' \ 

/ 

/ \ n 

JL V' 2 

n 

~G 

/ 

Y\ 

O 

7n 

6 

3n / % *■“< 

T * 

✓ \ 

1 

/ 

✓ 


-1/2 

-1 

.. 2n . 

% 

\ 

X 

y 

Aiw 

i 

8 

X 

4* ^ 

i 

1 





.. 



Fig. 1.59 

y = sin .v and 


y = - 


- -i~ . i 


J L 

i i . i 

19 








J. J...U 

1 ! 
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From above figure, sin x > - i when - * < * < Z5. 

Thus, on generalising above solution; 

2nit - — < x< 2nn + — • nez. 

o 6 


which implies that those and only those values of x each of which satisfies the 
for a certain nez can serve as solutions to the original inequality. 

... •• J 

EXAMPLE© Solve the inequality: cos x < 


SOLUTION As discussed in previous 
example, cos xis periodic with period 2k . 
So, to check the solution in [0, 2tc]. 

It is clear from figure, cos x < - - when; 

2k . .4k 

— < x < —■ 

3 3 

On generalising above solution, 

2ir 4 k 

2nn + — ^ x < 2 hk + \ nez 

3 4 


•Se two 




lne< lUaiiH 


1 

2 


'X 


Solution of cos x < - - 



X 6 


2 K 4 71 

2 nn + —, 2nK + — 

3 3 


nez. 


EXAMPLE Solve the inequality :tan x< 2. 

^ SOLUTION We know tan x is periodic with period 
k . So, to check the solution on the interval 

V 2 2 ) 

It is clear from figure, tan x < 2 when; 

--Cretan -1 2 or --<x<arctan2 
2 2 

=> General solution 

2nn --< x< 2nn + tan -1 2 
2 


n € 


2nn —, 2me + arc tan 2 
2 


. y, 



« 

1- 

-W 

(tjan -1 2,2) 

-it/2; 

-k/A/S' 
/ -1* 

, 

0 tc/4 

•71/2 


/ ta nx<2 



1 

II 

X 



x=s/2 


►y=2 


x=tan' , 2=arcta.n2 

Fig-1.61 _ 


examp l e 


Solve the inequality: sin f — + — I < -X= ■ 

1 2 12j V2 


t SOLUTION Here, sin + . put 3x + JL=f 

V 2 12j V 2 2 12 


■mil. . . .. 

v-: ■■■ -■": ^ ■ 

SK • - ' ' • 

* 1 
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\ 


. ,in t < ~j= » now sin 1 is periodic 


u rjth period 2n. thus to check on 


n 5rt 
2 ’ 2 


or 


« 3n 
2 ' 2 


From figure, 

1,3 k 

„ h en T < t< ^ 

.. generalsolution 

2nit + ^~ < f < 2nn + — 

4 4 

3a* n 

Substituting t = — + — 

2 12 



/-Un/4 


rig. 1.62 


n g 2 


Onrr . 3jt ^ 3A 71 0 9jt 

2htc h < — h -< 2mt h- 

4 2 12 4 

4 4 13 4 

— rc + — nti< x< — 7C + — nn: n e z. 

9 3 9 3 


EXAMPLE Solve the inequality: cos 2a - sin 2a £ Q 



EX A M P L E |||) If A+B+C = ii, then prove that; cos A + cos B + cos C < -; where A, B, C 
We distinct. 

♦ solution Here, we have the three trigonometric functions as cos A, cos I! and cosC. 
j • let f(x) = cos x ; which can be plotted as, 



' 

_ v - 

i i 

21 

•J • * 

f J 

’ 

ri- 


{ t I 

4 i ! 


, • ■ 


•i.,4 


h f 

iJ. 
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1 

--*v— 


! i 

U) 

£ 



> 

—t — 


~F 

F 




|! 





Fig. 1.64 


let us suppose any three points x = A, x B, x C on /(x) - cos x. So that A + g. 

I (A + f+C^/^^ 
(p ' 3 


NOW, ici »»rr— t - 
or on the interval of length Jt 
where G, be centroid of A given by 
M + B + C cos A + cos B + cos F 

( 3 ’ 3 ' 

Thus, from figure points Q,G,P are 

collinear, . 

where; ordinate of GQ < ordinate of PQ. 

cos A + cosB + cos C < cqs ( A + B + C "| 


=> cos A + cos B + cos C < 3 cos 

3 

=> cos A + cos B + cos C < — 

2 



Fig. 1.65 


Note Here, a particular case arises when A= B = C ( i.e 


when A, B, C are non-distinct) 
cos A = cos B = cos C and A + B + C = n 
A+A+A = i t or A= 7 t/ 3 . 

cos A = cos B = cos C = - 

2 

cos A + cos B + cos C = - (only when A = B = C) 


EXAMPLE Q? So/ve the inequality: sin x cos x + - tan x > 1. 


i 


SOLUTION Here; left hand side is defined for all x, except x = mi + -, where n e z. 

V 0 . 2 

2sinx cosx + tan x> 2 

=» ' v 2 tan x i 

+ tanx>2 [Let, tan X s / 1 


1 + tan 2 x 

2y 


1 + y 


+ y > 2 


/ ■■Fv. * . .. r 
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_ 


+ 3 'a 4* y } ) ~ a 


I ** 


'• ,V 1 ) . „ 
0 . , v >) *" 


|v I I y ‘ ■ II) 


or 


**-*V + 3.y-2ao 
y a (y ~ 1) - y (y - n -i 2 (y -i)^o 

C.V - n (y 2 ~y 2) r > 0 

sf y - l ^ o 

{* y - y + 2 = - —J f Z > o f or jjh y) 

% tan .v£ 1* shown as: 
from given figure; 

$*x<* 

4 2 

+ ~ - .V < rut + ^ ; n € s 


Inf t* * 


or 


k n 

X G TITt + — ft JI 4- «— 

L 4 2 


JUGS 



EXAMPLE If A + B + C = it, then prove that 

tan 2 — + tan 2 — + tan 2 — > 1. 

2 2 2 

(£ SOLUTION Here, tan 2 —, tan 2 - and tan 2 — are three same function. So consider 

2 2 2 





,2 A ■ .2 B , 2 C 


tan — + tan 2 — + tan 2 — 


rpte; 


— > tan 2 


(A + B + C\ 


■ 


■J 


=> tan 2 ^ + tan 2 — + tan 2 - > 1. 




T “ r 


v> : . ■: 

: ; 


—» i mm>n. 0nn 


i ■ . .- 

; - ■ 


! ! 


23 

■Hr !-.+ 
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s()l VIN<; I.QUA I IONS (.ltAI‘1 IK'AI I V 


#9 

c 

a 

a 

3 

§ 

1 

* 


Here, we sketch both left hand and right hand side of equality and the numbers of j r „ fi 
are required solutions.24 


*"* -Cl> 


EXAMPLE ^ Find the number of solutions of; sin x = — 

i 

C SOLUTION Here, let fix) - sin x and g(.v) = — 



EXAMPLE Find the least positive value ofx, satisfying tan x = x + 1 lies in the interval 

® SOLUTION Let; /(x) = tan x and g(x) = x + 1; which could be shown as: 


!&. 

■'A 

0 . 

i; 


1 



Fig. 1.69 


fji \k° ve ^^ Ure tan x ~ x + 1 has infinitly many solutions but the least positive value 

* € U , 2j‘ 


■ ■ f «.■' • • • 
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EXAMPLE Find the 


i 


mmi/icr ofmhitiotis of f/ ((! equation, 

sin x = X 1 f X 4 1. 


SOLUTION Let; /(.v) = sin , and g()f) „ ,2 + x + , f + lj ! + 3 
which could be shown ns; ^ ^ 



Fig. 1.70 

which do not inte rsect at any point, therefore no solution. 


EXAMPLE Find the number of solutions of: e x = x 4 . 
^SOLUTION Let; f(x ) = e x and g(x) = x 4 , which could be shown as; 


V 

y. 

A 

jy°- 






Fig. 1.71 

From th e figure, it is clear they intersec t at two points, therefore two solutions. 
Find the number of solutions of; log 10 x = x. 


example 


SOLUTION Let; /(x) = log 10 x and g(x) = x; which could be shown as; 

y 


S 

S 

X i- 
\ 

X 

V 


f(*) = log, 

0 

s. y 

x / 

r Vo 

-1- 


X 

X 

X 

N 

V 

X 

\(X) = X 


10* 


'A':-.':’ - .•» 


Fig. 1.72 


From above figure, it is clear they intersect at one points, therefore 1 solution. 



i t 


•f' 

hr • 
!_• _ 

j .! ; 


ti¬ 

ll;. 

. J 

J . ! 

j... I 
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Ad 
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example 0 glteuli th# t>rni>lt for y «$(.. 1 hit, /, 

A SOLUTION MX - «»' <*»>*> k <' lMU wm i** M ** 

J , m any, lilts rn>>> m * ho,,u Ami ,lm ‘ m ‘ h 101 m *'"to''*! <Atotgih 2s M 
yillUCS of X> 




St%m know; 


sin 1 (fi 


r ''%. 


(n~x); 




n 

2 

r. 


n 

2 


2 


x< 


* (. 7, 

2 2 


or 


sin 


st — / 


A- 

/ s' 

' ^ 


Jj 


- % ' X ' n 
2 ' " 2 

n~x f *<?< 

2 2 * 

•si 



Tima, the graph fory e m" 1 (Minx), is a straight line up and a straight line down v/irh&f** 
and -I respectively lyiny bet wean 


n 7i 
2'2 


Note : .Students are adviced to learn the definition of sin J f -2n /) as 


\vo 


C-i:. 


y ~ sin" 1 (sin x )«- 


/ ' - 
. • • - . . •• • . . 

Ig ' 

- ■.. . . ■ *■-. 

•••■ -a:-,,• •••• 


x + 2n ; 

57t. : 

- —- s: x n - 

9 

-n- x ; 

3*^.1 


2 

x ; 

-Ux'J~ 

2 2 


«__ 


3z 

2 


71 - X 

x - 2n 


— xz> 

2 

°^s x < 

--i x -> 

2 2 


and so on 



. .. 
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example (g) Sketch the graph for y „ oy . 1 f(i(y{ 

^SOLUTION M X - cor- to, „ „ pcri ocllc with period 2n. 

/. to draw this graph we should draw ti>, 

values of x of length 2n. me # ra Pu for one interval of length 2n and repeat for entire 

As we know; 


3 


cos' 1 (cos x) = I x; Oz x£n 

l 2rc - 0< 2rt-x^ Ti, 


0 

a 


or 


cos' 1 (cos x) = J x ; 0< x< n 

I 2 Tt — JC; K<xZ2k. 


Thus, it has been defined for 0 < x < 2tc that has length 2n. So, its graph could be plotted as; 



Thus, the curve y = cos' 1 (cos x). 


(EXAMPLE Sketch the graph for y = tan" 1 (tan x). 

f iSOLUTION As y = tan -1 (tan is periodic with period n. 

to draw this graph we should draw the graph for one interval of length tc and repeat for entire 
values of x. 

" 1 (tanx) = 


As we know; 


Thus, it has been defined for -- < x< - that has length n. So, its graph could be plotted as; 

2 



tan 


2 

y 





/ --- 1 - I-''- ■ i -► ; 

-3n!2 -rJ2 S 

O jt/2 ,'V. 5ti/2 


__ .t/. _* 

- - - 7 - 



♦ c/2 


Fig. 1.75 


" & curve for v = tan' 1 (tan x\ where y is not defined for * e (2n + 1) 

Hi 


n 

2' 


c 

0 


0 

3 


0 

1 

&) 

■u 

y 

0 


■hh 


i f 


4—i 


4-H 


! i 


ffi- 

rrt 

rm 



L J. 


.27 i 

i i I: 


-sum 
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r 

•-f—r 


1 

.. (~~ n/2) 

' 

* i\. s 

i 4 A 

1 l 

r» 

s—il'.. 

Ki 

y(2n-x) 

Y 

-5n/2 -2n —3rt/2 

75—-1-1—x.;-1-►x 

° i/2 rt 3n/2 2rt 5i/2 


rfcu 


a 


-r 


Fig. 1.77 


Thus 


( the curve for v = sec -1 (sec x) 


ft 

MV 

r- 0 


1 
0 
a 
c 
o 


■» j 


1 

1 i 


11 

i i 

4 



T- 


Sketch the graph fory = cot' 1 (cot x)l 
^SOLUTION As, y = cot 1 (cot x) is periodic with period n. 


• ( to draw this graph we should draw the graph for one interval of length n and repeat for entire 
values of x. 

As we know 

cot -1 (cot x) = {x; 0 < x < rt} 

which is defined for length Jt, i.e., x e (0, it) and x e{nn, n e z). 

So, its graph could be plotted as; 

y 


1 


3 

i r 

0 


I 

I ' 

If 


i—t-.t 



0 

3 

TJ 

S’ 

0) 


Ihus, the curve for 


y = cot -1 (cot x). 





(ii) cos (cos _1 x) 
(v) sec (sec -1 x) 


(iii) tan (tan J x) 
(vi) cot (cot _1 x) 


Sketch the graph for: 

(i) sin (sin -1 x) , , x 

(iv) cosec (cosec" 1 *) « sec < sec " x) (v ° cot (cot " x) 

JLUTION As we know, all the above mentioned six curves are non-periodic, but have 

^adTcu^e for its domain and range and then sketch these curves. 

1 Sketch for y = sin (sin -1 x) 

We know; domain, x e [-1,1] -1 ^ x < 1) 

and range y — x => y e 1] 


— 

— 




— 



— 






-1- 

1 I 

jl 

_ -J _L 


-r 



H 



11 

—4 


_ J 




Til 


14 






i ; 


i 

-I 


- 


11 


1_L 


l !-■ 


r 

i 


~1 


i 




•I—|—* • 


4-4- i t - 


: 


•i ! 


. -4—f—1_U 

i r 

; J i i i 

- , 


mi 4 


u.i. i, 

29 


. 


:*v^,Vv-*4 


rj—-j~—|—j, —j_J 


r 




f i 
* , 

f x 
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-4 


ir~ 

rr 

i 


i- 


lL 

i-U 


Hence, we 


should 


sketch y = sin (sin 1 .v) only when x g [-1,1] and y = *. s 0 , 


its 


8tI ‘ph 



y= i 


y=-i 


* : 


' » 

~T 


§§| 

§ 

ft# 


Thus, the graph for y = sin (sin 1 x). 

(ii) Sketch for the curve y = cos (cos -1 x). 

We know, domain, x g [-1,1] 

and range y = x => ye [-1,1] 

Hence, we should sketch y = cos (cos -1 x) = x only when x g [-1,1]. So, its graph could be 
plotted as shown in Fig. 1.80. 


(i.e.,-l<. v <; 



y -1 


y = -1 


Thus, the graph fory = cos (cos -1 x). 

(Hi) Sketch for the curve y = tan (tan -1 x) 

We know, 

domain, x e R (i.e., —«> < x < <») and 
Range y-x =*> y eR. 

Hence, we should sketch 

y = tan(tan~ 1 x) = x,VxGil. 

So, its graph could be plotted as shown; 

Thus, the graph for y — tan (tan -1 x). 


\ 



• . 
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Sketch for y = cosec (cosec'V) 

| ^ v veknow; 

I domain eR- (-1,1) 

(fe., - ~ < a: < -1 or 1 < .v < oo) 

\ ' 

\ 

and range y = x => y e R - (-1, i). 

Hence, we should sketch 

v = cosec (cosec" 1 x) = x only when 
ie u[l, «>). 

So, its graph could be plotted as 
shown in Fig.1.82; 

Thus, the graph for 

y = cosec (cosec" 1 a:). 

(v) Sketch for y= sec ( sec " 1 x) 

We know, domain eR- (-1,1) 

(ie., < x < — 1 or 1 < x < ») 

and range y — x => y e R — (—1,1). 
Hence, we should sketch 

y = sec (sec _1 x) = x, 
only when x e (- -1] u th °°) 

So, its graph could be plotted as shown 
in Fig. 1-83. 

Thus, the graph for 

y = sec (sec _1 x) = x 

(VI) Sketch for y= cot (cot'V) 

We know; Domain e R O '* e - > < ^ 

and Range y = x => y = R - 
Hence, we should sketch 
y = cot (cot" 1 x) = x, V x e R. 

Shown as in Fig. 1-84. 

Thus, the graph for y = cot (cot 1 x). 
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Li 

\ 
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Fig. 1.83 



& cry or y 
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Fig. 1.84 
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144- 

j_ ! 1 

UT- 
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"4"' 


1—f 
4— h- 


Prom previous discussions, we learn t ^ ^ trace the curve 
IfiM (j) The function is periodic then domain and find range to trace the curve. 

|gi) If wn^riodio'hen define ^ o( inverse Mgonomehy as; 

-‘#|Now, before going ahead you _ cot -i x , y = cosec"x, y = sec x 

ftplsirr 1 *, y = cos' 1 x, y = tan x, y _ _ 

domain and range . -“ 


i ! * 
t~ r i~ 


- 4 - 


j 
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fig. 1.85 


Thus, the graph for y = sin" 1 


2.v 


1 5 

, + -V* 


Note As in laier section (/.e. f chapter 2) we shall discuss that functions having sharp edges and 
gaps are not differentiable at that point. 

^ 2x ^ 

, we know it has sharp edge at x = -1 and x = 1. 


So, in previous curve y = sin" 1 
So. not differentiable. 


1 + x 2 


t 

.8 


3 

o 

a 

c 

a 

0 

3 

0 

■h 

0 

fi) 

■u 

•IT 






;a;j 


& 


(ii) Sketch for y = cos 1 
Here, for domain 


1 -x 


2 \ 


1+x 2 


1 - x~ \ 


< 1 


1 + x z | 

=» 11 - JT-|< 1 + X 2 

which is true for all x; as 1 + x~ > 1 - x' 

X 6 R 

(- ^ 


{v 1 + x 2 > 0, V x e R} 


— 


For range: 


v = cos' 


1 - x‘ 
1 + x : 


y e (0,;:) 


Define the curve : Let, x = tan0 


n xv \ 


= COS 


-1 


1 - tan" 0 


= cos" 1 (cos 20) 


,1 + tan 0y 

20; 20>O 

_ 20; 20 < 0 


■, ■ ■ ■ ■ ■ '. 

•• =* 


v. : 

•' • i .• .; 


y = i 


2 tan" 3 r, 
- 2 tan" 1 x; 


tan 1 x > 0 
tan -1 x< 0 


{See Example 2} 
{v tan0 = x => 0 = tan" 1 x} 


T ~r 

4_i_ 

T 1 


d: 


u- 

4- t . 


y•; •• • s,--' ■ *.' -v•' . vr . 

: v ’ ;■ " . 

v f ■ ' ' ' ' 


4 - 

{ 


! 
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So, the graph of v V 


t 


'A \ 

' * “ ' V 


■ X* 



a ton ' ,v; 
a tan ' A 1 ; 


>v > 0 

,v < 0, 


Is shown as: 



Thus, the graph for y - cos 


-ifi-* 2 ' 
— -* 


1 + .v 2 J 


From above figure it is clear y = cos 

2x 


1 + .v 2 


2tan” .v, .v £ 0 

- 2tan -1 x, x<0 
\ 

is not differentiable at .v = 0. 


(iii) Sketch for y = tan -1 

2.V o 

Here, for domain — =L —^ e R except; 1 - .v“ = 0 

1 - .v 2 


1 — x 

2x 


Le., 


For range 


a* » ± 1 or x e R - {1, - 1} 


y = tan 

ye 


0 \ 
2a 




1 - x 2 


Defining the curve 
Let 


(-? i) 


a* = tan 8 


n Jt 


-In I n 

as y = tan 0 =>ye —, - 

V 2 2j 


y = tan 


-l 


( 2tan9 ^ 
1 - tan 2 0 


= tan -1 (tan 20) = 


n + 20; 20 < - - 

2 

20; - — < 20 < — {See Example 3) 

2 2 

- 7t + 20; 20 > - 

2 


i. ’ 


tt + 2tan -1 x; tan' 1 * < - - 

4 

2tan 1 x; - — < tan -1 x < — 
4 4 

- Jt + 2 tan 1 x; tan -1 jc > — 

4 


{as tan0 = a- => 0 = tan 


4 x) 
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So, the graph of; 


ft 'i' <!inn f ^ „ | 

- [< X< I 

“ ft I-y.tan 1 .v; x > I 


v = tan“ l 


2 .v 


. \ 


Vl - A - 2 ) 


ft I attur 1 .v; .v<-l 

-itan ' x; - 1 < x < 1 It* »liown tt»; 
-ft 4- 2tan“ 1 .v; x>l 



Thus, the graph for 3 ' = tan 1 


2 x 


1 - x : 


k + 2 tan -1 x, x < - 1 
= ^ 2 tan -1 x; - 1 < x < 1 
-rt + 2 tan _1 x, x > 1 


which is neither continuous nor differentiable at x = {- 1 , 1 }. 

,3 \ 


3x -x' 


1 - 3x‘ 


(v) Sketch for the curve y = tan" 1 

Here, for domain y = tan 

1 - 3x 2 = 0 


-1 


3x - x 


3 A 


1- 3x‘ 


x e R except 


X*±-j= 

V3 


x e 




For range 


y = tan 


-1 


3x - x 


3 A 


1- 3x' 


• . • • ' •• 

. ; 

curve: Let; 

m . 



( n 

y T5’ 2 - 

x = tanG 


jas y = tan -1 0 =*y e l-~, 


1 




/ ) \ 
4 

-i 


• ! 


1 


71 K 


: 

.• ; ; ; => v;l4 . ■ 

• ' • ■ • . ' . 


. 35., 

• » ■ 7T 


V. *»‘ ; •• • 


■ - 

- •• ■■ . : v 
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y 


= sin" 1 (sin 30) = . 


r. 


I: \ 


fi-.' 

H;>: 


r-'-H 


n - 30; 
30; 

-K - 30; 


n 

2 S30s 


3 n 


II n 

-^30s- = J 

2 2 


3n 

"p-S30<;-* 
2 2 


n - 3 sin"* x; 


3sin _1 x; 


- £ sin' 1 x ^ ~ 
6 2 

- — <, sin" 1 x ^ 
6 6 


-rc - 3sin _1 x; - ^ £ sin 1 x£ - 


-\ 


It 


y = sin~ l (3x- 4x 3 ) = 


For domain y = sin -1 (3x - 4* 3 ) 


For range y = sin" 1 (3x - 4x 3 ) 


So, the graph of; y = sin 1 (3x - 4x 3 ) = - 


1 


-7i - 3 sin 1 x; - 1 < x < - - 


is shown as: 



_ , , v = sin _1 (3x-4x 3 ) 

Thus, the curve for ^ f ll 

which is not differentiable at x - \ ± ^ r 


(vl) Sketch the curve y = cos 1 ( 4x _ 

Here, domain e [- 1,1] ran * e e [ °’ ” 
i Now, defining the curve 
let- 



x = cos 0 


.■-+ 


! - 


3 

a 

0 

a 


3 sin" 1 x 

1 

<; x£ l 

C 


2 


0 

n" 1 x ; 

1 

. l 

f* 

-- s xs - 

wm • 


2 

2 

0 

- 3 sin" 1 

x; -isx£-| 

f 3 

> X G [- 1, 1] 


p«* r 

> ye 

n n 
~2’ 2. 


0 1 




fi) 

71-3 sin' 

- 1 x; 

-< x< 1 

■B 



2 

T 

3 sin" 1 x; 


--<x< - 
2 2 

M 

' _ . _i~ 

I ! 1 


t~ 


-j—i—r 

j lX i 






-I—r—- 


j~t 


i 

4— 


r~t 


i 


; ! 


■ - 


!—i- 


Tj ! 

nti 
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1 


=> y - cos" * 1 * (cos 30) - ■ 


2n - 30; rt^30<2ir 


30; 


0^30£rc = 


- 2 k + 30; - 7t < 30 < 0 


27c — 3 cos" 1 x; -scos” 1 *^ 

J * n? 

* 

0 £ COg-1 y > ! 


K 


K fTltf'1 


3 cos" 1 x; 


71 


-2k + 3 cos" 1 x; 

J * «• f j 




i K s 1 

2k - 3 cos' x; --sxs- 


3 cos" 1 x; 


-< x< 1 
2 


1 


-2k + 3cos 1 x; -l<x<-- 
. if q< 0 < £ ^ cos— 5 : cos0^ cosO or — ^ cos0^ 1. Here, the interval change 
since, cos a* is decreasing in [0,7t]> 

_-i 


So, the graph of; y = cos 1 (4x 3 - 3x) - < 


is shown as; 


2n-3cos x; 
3 cos" 1 x; 


-2k + 3 cos 1 x; 


1 . . 1 
— < x< - 
2 2 

-< x<\ 

2 

- 1 < x <-- 
2 



Thus, the curve for y = cos 1 (4x 3 - 3x), 


which is not differentiable at 


1 


* = I 2[* 






t vu jcir. 


■ %g) Sketch the graph for: 

(i) sin x. cosec x (ii) cos x- sec x (Hi) tan x • cot x 

K) SOLUTION As we know for the above curves each is equal to 1, but for different domain 
■j:- (0 y = sin x ■ cosec x = l;VxeR- {nn; nez} 
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(ii) y - COS X ■ see X * 1; 

(Hi) y - tan x ■ cot x » 1; 
flats, they could be plotted as: 


xc . R - |(2 n + 1 ) 


n 1 

-; n g z} 

2 I 


xg R - j/m, tin + n e z 



y=l 



y= t 


• 1 1 

• I 1 

• 1 1 

•114 
• . _ • 1 1 

« 1 1 

1 1 1 

1 1 1 

1 1 1 

• 1 1 

1 ' ' 

i i i 

i i i 

i i i 

i i i 

i i i 

i i i 

i i i 

• i i 

• i i 

i i i 

; ; r 

4s? 

ro! 

O [5 [n , ; 3rc 

[2 J |2 

1 1 1 


y=tanx.cotx 

Fig. 1.91 


Note From above example it becomes clear that y = sinx- cosec x-1, y-cosx-secx 1, 
y = tan x • cot x = 1 but they are not equal, as their domains are different. 

Equal functions : Those functions which have same domain and range are equal 
functions. 


; X A M P L E fa Sketch the graph for: 

^Tsinxl - I 


(0 


00 


sin x 


I cos x| 
cos X 


(iii) sin 


-l 


1 + x 
2x 


2\ 


( v ) 1 + 3 (log|sin Jf| + log|“seex|) W ! + 3(log sin x + log cosccx, 

(V) . ,. ovc curV cs we must check periodicity domain and range, 

SOLUTION As we know, to plot above 

(I) y- l >,n *l 

8 lnx , . ~ 

1; sin x > b 

-> v " u—• y ~ ‘ _ jj sin X<0 
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•Y = 


± 1 


y = sin' 1 (i) 





•i 

hr] 

i where 

x = + 1, - i 

f* 


and 
y~±~ 


y = sin" 1 (- 1 ) 


Range s 


±i 


Hence, the graph for y = s j n - 


two points. Shown as: 

Thus, the sketch for y = s j n -i 
points A and B. 


1 + x 


2 \ 


2x 


is only 


l + .y^ 
2.Y 


D 

(-1.-H/2) 


A(1.n/2) 


O 


is only two 


Graph (or sin ' 1 |h+Jcj 
Fig. 1.94 


(iv) Ske,eh ,or y ■ '°9 v 4 (x - 1] + l,og 4 (16x , _ ^ +1( 

Here, y = log M (* - Ij +1 i og< (4x _ 1} 2 

=* y = l°gv4^--j + llog 4 16 + ilogTx- 
or y = - log 4 jx - ij + ilog„ 4 2 + 1log 4 L - 


as; log „a m =—log,, « 


fU; 


y = - logJ.Y - + log 4 f-Y - ~ log 4 4 


Thus, y = log 1/4 (x - ^j + ^ l°g 4 ^x l) 2 

=> Domain e °°j 
Range e {1> 

Thus, the graph is shown as: 

Thus, the graph for 

y = log t/4 (* - ^) + ^ log< (4x “ 1)2 ’ 

(») Sketch fory= 1 + 3(log|sin x| + log|cosecx|) 

Here y -i + 3[log(|sinxl-|cosecx|)] 

OX' ■ 


y» 


j 

i 

i 

i 


i 

i 

i 

i 

i 

0 

i 1 X 


! 4 

1 


Fig. 1.95 
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3 ? 


whenever 

I, a,, 


,v|/0 Will |l’OfWCX|/0 
y » I l 3 (log 0; 
y -1 

Domnin a K - {»W| a l - *) 
llnngee (I) 


whenever X / /i;c; 

(ns; log 




1 « 


0 } 


It could be plotted ns: 



Fi«. 1.96 

Thus, the curve for y = 1 + 3 (log|sin x| + log| cosec x| ). 

(vl) Sketch for y~ 1 + 3 (log slnx + log cosec x) 

Here y = 1 + 3 (log sin x ■ cosec x) whenever sin x > 0 and cosec x > 0 
:=> y = l + 3Iogl; xe (2tm, (2n +1)n) 

or y = 1; whenever x € (2wt, (2n + l)rc) 

y = 1 + 3 (log sin x + log cosec x) = {1; 2 nn < x < (2n + 1) n is shown as; 






y, 



ii — 

i 

i i 
i i 
» i 
1 1 

• 

k 

i 

i 

i 

i 

I i 

)- 

i i 

< i 

i 

! 

i 

i 

i 

i 

) — k 

i 

i 

i 

i 

1 1 r 

Mrc 

i 

• 

i 

• 

i 

h -3 n 

-2n 

-71 

O 

N> 

3n! 

i 

i 

i 

i 

l 


Fig. 1.97 

Thus, the curve for y = 1 + 3 (log sin x + log cosec x) 


WWXimsketch.h'curveforcosy = COS X 

SOLUTION Here, cosy = cosx => y = 2 njt ± x; nez 

cosy = cosx, represents two straight lines; 

{ x + 2 nn; nez 
- x + 2 nn; nez 


’ .. 

. 
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j*. I'W ** ( ’ f Stralshi ||„ e . 


which could ho .‘shown sis: 


V“X i 4 r;m«~2 
y-x * 2 h;ms*- 1 
y»x;n«0 

y«x-2n ;n« I 

«x-4n;n = 2 


y = —x i 4»t;n®2 
y~ -x-t ?.n,n-~ 1 

y=-x;/J«= 0 
)'=-x-2ti ;/)=-! 
y--x-4rt ; r) = —2 


Fig. 1.98 


Thu:*, graph tot cos v — cos.y; represents two infinite set of perpendicular straight lines which have 
infinite number of po ints of intersections; (So, if asked number of solutions then they are infinite). 


EXAMPLE ^ Sketch the cunrfor sin y = sin .y. 

^SOLUTION Here siny = sin.Y => y = im + (- l) n x; n e z 
siny = sin.r, represent two straight lines; 
rut + .y; n even integer 


v = 


[rm - ,y; n odd integer 


y=x+4rc;n=4 
y=x+2it;n=2 
y=x;n=0 

y=x-2jt;n=-2 
y=x-4n;n=-4 


y=5n-x;n-5 
y=3x-x;ri = 3 
y=it-x;n=1 


y=-K-x;n=~1 
y=-3rc-x;n=-3 


Fig. 1.99 


ffl 

(—f T 

14-1 

i ! ! 

m 


H4- 

i I » 

rur- 

lit 

4—1—4— 


tit- 

Scanned by CamScanner 



























| i- e -> two infinite set of perpendicular straight lines as shown in Fig. 1 99. 
Thus, the graph for sin y - sin x. 


example Find the number of solutions for; 

z 

0 SOLUTION Let f(x) = sin— and g(jc) = 

2 500 

s to Find number of solutions; we shall plot both the curves as; 

y 


■ tlx 99 x 

sin— ~ ZI±. 

2 500' 


&(x) = 

500 


l ^ 
l - 1 



- t 


Fig. 1.100 

5 Clearly, from the above figure, the number of solutions are 7. 




§ 


EXAMPLE Find the number of solutions for; 




5 


I SOLUTION As, cos* = x 
to plot the curve for 
y = cosx; y = x and find the 
point of intersection as to 
obtain number of solutions. 
Here, the two curves intersect 
at a point A. 

So, cos* = x has only one 
solution. 



y=cosx 


Fig. 1.101 




it 


|; Find the number of solutions for; [x] = {x}. where [•], {•} represents 

| | greatest integer and fractional part of x 

" f SOLUTION As, [*] = {*} 

” to plot y = [*]; y = {*} 
and find point of intersection. 

Here, the only point of intersection is x = 0 , 
only one solutions. 


- l "V' -.'i 

L-' ■ 
jf-- .{:*•••• 


I 

Q 


* 5 ? •• 


a 


✓ ' A 

Jt<. 

' 1 /W 

/ S ' 

-H-1- 4 

-2 -1 

0 ^ 2 ^ ^ 


-1 

.—c • 

-2 


Fig. 1.102 


»xs - Jr ^ 
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XAMP^® Find the number of solutions of 

, ri , 4 <*} = X + [x] 

represents faunal part and greatest integer function. 
SOLUTION As we know, to find 
number of solutions of two curves we 
should find the point of intersection of 

curves. 

4 {x} = x + [x] 

U 4(x - M) = x + [x] 

{'•' * = [x] + {x}} 

4x - x = 4 [x] + [x] 

3x = 5 [x] 

r n 3 

=> M = -* -.(i) 

To plot the graph of both 


U 

3 


=> 


Vi 

2- 

1- 

y=M c ^4 

|-f—-1 

-!-1- 

-2 -1 

01 2 3 * 


--3/5 


;-1 

''4—< • 

--2 


1 


+4 


0 

a 

c 

a 

0 

^ 3 . 


nil 

T* 


y = [x] and y = -x. 

5 

Clearly, the two graphs intersects when 

[x] = 0 and [x] = 1 


Fig. 1.103 


x = — • 0 
3 


and 


...Cii) 

[from Eqs. (i) and (ii)] 


Q 

■B 

<# 


H (1) 


x = 0 and x = — are the only two solutions. 

EXAMPLE Find the value ofx graphically satisfying; [x] - 1 + x 2 > 0; where 

i [ • ] denotes the greatest integer function. 

SOLUTION As, [x] - 1 + x 2 > 0 => x 2 - 1 > - [x] 

Thus, to find the points for which /(x) = x 2 - 1 is greater than or equals to 

g(x) = - [x]. 

where two functions /(x) and g(x) could be 
plotted as shown in Fig. 1.104; 

From the adjoining figure; the solution set lies 
when 

x < A or x > B. 

Thus, to find A and B. 

h is clear that /(x) and g(x) intersects when; 

~ [x] = 2. 


Fig. 1.104 


44 


—4—I—-Is 

■± H! 




=* x = - V3 

(neglecting x = + V3 as A lies for x < 0) 


no 

■5 

4 / 

, $ 

3 / / 

/ /|/ 

2 Zr 

/<v 

1 I 

i \ 

-1-1-1—i—v_ 

-4 -3 -2 ' -l\ 

o/l fi 2 3 4 


—1 •-( 

x 2 -1 < - pc] 



-1— i 
i 


i I 


i-T 

i T 


ILj 


44 - 


i 


_ * ■ 


i 


• 14 ; 

- I; 


m? . SB 


45 

L i * * ‘ 

~fc£ 

~U.L~ 


1 
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„ . Fx >ind for B : * = *• 

Thus, for A: ^ 

Solution set for wh'ch * 

-is very important as u reduces yoJT 

N ° tB I,Tcu£^^ - - 

- EXAMPLE ® + 

jlH denotes the greatest integer fancnon^ ^ x * _ 5s[ x]Sx 2 - 2 

i® SOLUTION As, - If M x t f( * = x 2 _ 5 is i ess than or equal to s(x) = [x] and 

! I Thus, to find the points for w 1 J _ J _ 2 w here the three functions /(x), g(x) and h{ x ) 

J g(x) =[x] ^ less than or equal to hW-x 

„ j could be plotted as; 


i 




h (x) = x 2 - 2 

f(x) = x 2 - 5 


h(x)<g(x)<f(x) 



Thus, from the above graph; 


x 2 - 5 < [x] < x 2 - 2 


when x e [A, B] u [C, D ] 


where A and D is the point of intersection if; 

x 2 - 5 = ± 2 => x = — V3, V7 

and C is point of intersection of 

x 2 - 2 = 1 => x = V3. 

A = -V3, B = - 1, C=V3 and D = V7. 
- 1 < [x] - x 2 + 4 < 2 is satisfied; 

when x e [- V3, - 1] u [V3, V7], 




0< a< 3 0<b< 3 and the equation; x 2 +4 + 3 cos (ax + b) = 2x has 
itleast one solution then find the value of (a + b). 

►SOLUTION Here, x 2 + 4+ 3cos(ax + b) = 2x or *2 _ 2x + 4 = - 3 cos(ax + « 

' (x - l) 2 + 3 = - 3cos(ax + b) 




— -i-:... . .. 
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for above equation to have ntlenat one 

solution; plot /(x) « (* - 1) Z 4 3 flm j 

a(x)-~ 3 cos (ox b) in such a way that 
they touch each other. 

From figure the two curves could utmost 
touch at one point only w h cn 
_ 3cos(a + b) = 3 

=> cos (a + b) = - 1 

=* a + b = n, 3k, 5n,... 

But 3 k > 6 

=> a + b = k as 0<, a, b<, 3. 





\ ; 


EXAMPLE 


IfA + B + C n and A, B, C are angles of A; then show 
sin A + sin B + sin C 


V 3 


0 SOLUTION Here; we have three 
trigonometric ratios sin A, sin B, sinC. 

/. Let y = sin x, on which there are three 
points x = A, x — B and x = C shown as; 
As from the figure; In A PQR, 

Centroid of A formed by P(A, sin A) 
Q(B, sin B) R(C, sin C) is; 

( Aj+ B + C sin A + sinB + sinC j 


2 




fe: 

l 


G = 




3 3 

where; G, H and / are collinear 



/ ^A±|±C _ A G fA + B + C 


sin A + sin B + sinC 


) 


and 


H 


A+B + C . fA + B + C 


From figure; HI>GI 

> 4 .* 

Le *» ordinate of H > ordinate of G 

. (A + B + C^ sin A + sin B + sinC 



©intrepidGeeks 


I V 


> sin A + sinB + sinC. 


~L v. 
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Introduction of Graphs 



































ssfite 4»k trns A < * thm showMcmcc a)< Y 

i Example © '/°^ e' 3 

«’ . r_ r y « sin x is shown as; 

^ SOLUTION Here. graph for jr 

where and « 


i 

: . 

> •- 




i 

} 

w - 

< i 

, *.,• r j 

) f 


4 

r 


4 s-~ 


► y 5B 7}|J * A » / 

ij 


From adjoining slo pc of OQ 

sin ^ - 0 

sin A > ___JL— 

£ - 0 
6 


A-0 


or 

/l n 


JL<* 

sin A 3 



nr 


A(cosecA)- 


71 


«»r nrm\whi%m »■ W i.u ^ 


• • 

■j 


EXAMPLE ® lf0< A, B,C<^thenshow that: A cosec A + BcosecB + C 
I SOLUTION Here, graph for y = sin x is shown as; 


cosec C<5 


£ 


where P(B, sin/1); QfC, sinC); RCA, sin A); S(|, sin| 
From figure; 

slope of OP > slope of OS: 


& 




or 


• 7T 

, „ Al sm — 0 

sin B - 0 2 


B ~ 0 
sinfi 2 

. .. ■ < i »r t 

IS n 


n 

2 





R 

1 

^Js 



.0 


/ 1 

4-i. 

i 

_ •. 


p 





T 

1 

1 

1 

1 

1 

0 

B 

c 

4 

\rJ2 1 

\ 

1 


or 


B n 

sin B 2 


Fig. 1.109 


„ 7C 

B cosec B < — 
2 


Similarly, slope of OQ < slope of OS and slope of OR < slope of OS. 
m C cosec C <7i/2 

A cosec A < tc/2 

Adding Eqg, (I), (if) and (iii), we get 

37t 


...( 

J 

...(1 



?.y^ iin .v jiy/v" | .«>'»ww»»»in ii l( in w 

■ ■ 


A cosec A ^ B cosec B + C cosec C < 

---— " “ ' r trig° norTie 

rfiuftt practice above method in different questions o 

96 It saves time. 
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Construct the graph for; 
’ lx - 1; X < o 

(i) f(x) =' 


x = 0 
x > 0 


(ii) f(x) 


f 2x + 3; - 3 <x < - 2 
|x + 1; - 2 <x < o 
(x + 2; 0 <x ^ 1 

2 Construct the graph of the function: 

(i) f(xH*-1| + |x + 1| 


4. If f is defined by y = f(x ); wherex - 2f |f|. 
y = / 2 + /1 /1, teR. Then construct the graph 
for f(x). 

5. Construct the graph for f(x) =[[*] _ x], where 
[ • ] denotes greatest integer function 




* 

* 

o 

a 

c 

0 


6. II 0<a <1; then show; 


tan -1 a a 
4 


V iw , -1<x<1 

W^-x; 1 <x < 4 


(Hi) /(x)=(x] + |x-1|; - 1 <x < 3 
(where [ • ] denotes greatest integer function) 
lx 4 - x 2 < 1 
(iv) f(x) = ' 2 

x; x* > 1 

Is /(x) = x 2 + x + 1 invertible? If not in which 
region it is invertible. 


a 

7. Find the number of solutions for; 
cos- 1 (cosx) = [x] where [•] denotes the 

greatest integer function. 

8. Find the number of solutions for; 
[[x] - x] = sinx; where [ • ] denotes the greatest 

integer function. 

9. Find the values of x graphically which satisfy 


x-1 


<1. 


10. Find the value of x for which x 3 - [x] - 3, where 
[ • ] denotes the greatest integer function. 



3 # x > _ 1 7. 5 solutions. 


8. infinite 9. x e 


— 1 — Vs -1+V5 


10 . x = 2 2 




v ■•i •• * v * ' • jv ’■ i ■'* *' 


S 


I 


9 

t 

J 


7* 


i i 

n 


-4-1- 


_i—L.. 

I ‘ 

i 


4- 

fr 

5 


4~ 


—1 


4— 




'IT 

1 




; I 


1 ! 


-}- 


i j ! 


IL-L 

■! ! 


- L-l- 


1.. 


49 


Scanned by CamScanner 

































tangent to C. 
Fig. 1 


>1 




1 

- • t 

, • ' • • • ' " i: 
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thl ,Wter wo shall study: 
lfl T he bending of curves at different points. 
* Transformations of curves._ 


CURVATURE 


«The study of bending of curves at different points is known as curvature.” or “Rate at 
which the curve curves”. 

Consider a curve and a point P on it and let Q be a point 
nearP. Let A be a point on the curve. 

arc AP = s, arc AQ = s + 8s 

arc PQ = 8s 

Let y and y + 8\|/ be angles which the tangents at P and 
Q makes with x-axis. 

:. 5\j/ is called the total curvature of the arc PQ. 


- is called the average curvature of the arc PQ. 

5s 

lira — = — = curvature of the curve at P. 

Jho fo d s _ 

w«* t d\if d 2 y 

Note To study curvature we shall define — or 


y-axis 






Fig. 2.1 


CONCAVITY. rnMVFXITY AND POINTS OF INFLEXION 


!? Cone, 


ave upwards 


»p*, t j n s the neighbourhood of a point P on a curve 


is above the tangent at P, it is said to be concave 




as x increases. 







































Pfaywith Graphs 


. i 
' j 


*. •• •• \ 
; ! j 

t I! 


Geometrically 


o 



Tangent 






V7nV 

i lir Hie curve is below (he tangent 

Mathematically 

( jy decreases as x decreases. 
dx 

Geometrically 


Fig. 2.2 

at P ii is^id to be convex upward or concave downward. 

dV< 0 

dx 2 


; - 




Fig. 2.3 


1 ' ■ 


. , 

ft 

-i-T 


■ ■ 

J ■ 

" t— 

• t ' 


! 


point of Inflexion 


If at a point P, a curve changes 
called point of inflexion. 

Geometrically 


its concavity from upwards to downwards or vice versa. Then.- 



-►X 



-*~x 


Fig. 2.4 


Mathematically 

W 2 y 

(j) » o at the point. 

dx 2 

(ii) ~~~ change 


.oj 
j 

n ys 1 : 

'v V'*-' 

••r, , •.*/■ 

■ v 


dx J 


anges its sign as x 


increases through the value at which ^ 2 


dy = 0 . i.e.,-3 
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represent concavity as:. 

' 

y- -iff* 




Fig. 2.5 


plotting of algebraic curves using concavity 


if y = ;(x) = (x - a) (x - p). 0 < a < (3. 
toow it has roots a and p and would be 
sown m Fig. 2.6. 

^ jfcvg discussion it becomes clear that to 
... ^=5 we require; 

^ $ ?dni of intersection on x-axis. (i.e., y = 0) 

Poet cf maximum and minimum value. 

% 'nsrrA for which function increases or 
decreases. 

% Point at which concave up, concave down 
and point of inflexion. 

MMPLeQ Sketch y = (x- l)(x - 2). 
IxiiiTlON Here; y = (x - l)(x - 2) 
y = 0 =v x = 1, 2. 
y = x 2 - 3x + 2 

- |-2*-3 and 4 = 2 

dx dx 2 


0 

c 

i 

c 

(D 

fl) 

3 

a 

H 

fl) 

3 

8 


^ . 

’^sases when x> — and decreases when 


"hiimum at x = - 
2 


as 


ih > 0 

dr 2 . 
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3 


1 OWKW* frtr A ' N % 01 >VK 

% (traph is sketched ns shown in Fig, 2,7. 


i 


EXAMPLE 0 Ska'll rhe cwnv ,y (a - l)(.v - 2)0 3). 

0 SOLUTION Here; v ■ ( v - DO ~ 2)0 3) 

1 (0 Put v«0 ~* s a-'-'-I, 2, a 

(it) v=x^M 3 + lh“<> 2 

^ t= 3.v a - I2 a + 11 and = 6 a- - n 

iv. /'/V / 


</V 


dx 

when 

maximum when; 

minimum when; 

(iii) Here; = 3a 2 - 12a + 11 
dx 


- 0 => 


x - 


dx 3 

v = 6 ~— as = - 2 a/3 
3 

6 +a/3 


A* = 


dx 2 

as ^ = 275 
dx 2 


= 3 


A* - 


6-V3V 6+ a/3 


A - 


Increases when; 


A< 


or 


A > 


6-a/3 
3 

6 + a/3 


6 — a/3 6 + a/3 

decreases when; —-— < a < ^ 

(iv) Concave upwards when a > 2 and 
concave down when a < 2 . 

/. Graph is sketched as shown in Fig. 2.8. 



EXAMPLE Sketch the curvey = (a - l) 2 (a - 2). 

0 SOLUTION Here; y = (a - 1) 2 (a - 2) 

(i) Put y = 0 => a = 1,1, 2 

(ii) y = a 3 - 4a 2 + 5a - 2 


when — = 0 
dx 


% = 3a 2 - 8a + 5 
dx 

=> A = 1, — 

3 


and 


d 2 y 


dA : 


= 6a - 8 


maximum when; x = l as = 

dx 2 


2 . 


Scanned by CamScanner 





























































4y = j+2x + 4; x> - 3 
& [- 2x - 4; x < - 3 


x = - 1 - 3 when y - 0 

d 2 y f 2 > x '~ 3 

and d? j-2; x<-3 


0 

e 

i 

* 

c 

(D 

ID 

3 

a 

* 

9) 

3 

to 

o 4 

3 

9) 

(4 

0 

3 

to 


EU 

44-44 

i- '-f-r 
l ! Li. 

*—T { 


I 


, 55 ' 


l 
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; . * 

• f 

-:f-r 


“1 ; 


i > ; 




(/) 

£ 

a 

(0 

v. 

0 

1 

8 




Mi 


.1_Lj 




i-jO- 

i 1 i 


i_iJ~ 


! .t 




maximum 



"* Concave/down 



► x 


X=-3 


Fig. 2.11 

x <-3 or x>-3\ 


decreasing 


Increasing when 

sing when - 3 < X < - 
maximum at x = - 31 
minimum at x — — 2J 
concave up when X < - 3 I 
concave down when x > — 3j 


Note Above example could also be 

chapter. 


solved by using transformations discussed in later partt 



EXAMPLE 


X + 1 

Sketch the graph for: /(x) - -3 


x +1 

SOLUTION Here; y = - 2 — 

X “T 


x" + 3 
x = - 1 when y = 01 

v = - when x = 0 | 


= => _...ho... v < - 3or x > 1 J 


dx 


(x 2 + 3)" 


(x 2 + 3)' 


Increasing when; - 3 < x < 1 
Decreasing when; x 



Fig. 2.12 


J 
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f L jsing 

if 


nUI „ber line ntle for 


js* 


x 


- 3 


at 


x = 1 


as; 


as; 



(x 2 + 3) 3 


,7 = + ->0 
dx 2 36 

d 2 y 1 

—7- = - - < 0 

dx 2 4 


""0*4/ 


__ 

^ve curve x- 3 xis works ss ssymptote, Z.6,, tho cur/6 would n6/6f j?;66t/'£/ r Zr f 
H« ie iiltail refer chapter 3. __ ' ' 

■** tC -* >W * ■■■■■«- 1 ■ t- , . w , „— 



JiL GRAPHICAL TRANSFORMATIONS 


Where | • | means modulus or absolute va:ue i — jn - 


shall discuss the transformations as; 

*'?«„) transforms to /W± a 
n f x) iransforms to f(x± a). 
g! «*) transforms to (a f(x)) 
f„)/M transforms to /(ax). 

(v) fix) transforms to /(-*/• 

(n) /(x) transforms to -/W- 
(vii) /(x) transforms to -fi-x) 

(\iii) fix) transforms to | fix) [• 

(ii) fix) transforms to /(| x |). 

(x) /(x) transforms to | fi | x J) |. 

(xi) y = /(x) transforms to |y j = /(x)- 
(rii) y = /(x) transforms to |y| = | /(x) I- 
(nil] y = /(x) transforms to |y| = |/C| x|) I- 

(tiv) y = /(x)transforms toy = [fix)]. 
fc') y = f(x) transforms to y = /CfxJ). 
y = fix) transforms to y = [/([x])J- 
y = /(x) transforms to [y] = /(x). 

^i) y = /(*) transforms to [y] = f/(x)]. 

y ^ = fix) transforms to y = fifx}). 

(J ^ = fix) transforms to y = {fix)}. 
fjitij) ^ s /(*) transforms to y = {/({x})}. 

'■Hijj) * ~ fi x ) transforms to {y} = fix). 

' fi *) transforms to {y} = {fix)}. 

] y ' fix) transforms to y = f~ l (x), f 1 (x) represents inverse of fix). 


0 

** 

m 

*1 

< 

% 

* 

#•» 

m 

5 

g 

a# 

a 

H 

■I 

6 
3 

V) 

•* 

0 

“! 

2 

a? 

* 

■i 

0 

3 

W 


Where [ . 1 denote, greatest integer less than or etjual 
to X. 


Where {• } denotes fractional part of x. 
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l 



hall studythe followi ng case sas; 


m transforms to fW ^ /(x) + a 

graph of /(X) upward through tf units 
8 /(x) —> /(X) - a 

*-* units. 


W*"-.. . .„„.forms to /(X) ± 0. (where a is + vc) 
(i) When 

Ti i- e > 

shift the given 

ft; She given graph of fW downward through *r 

Jl-Graphically it could be stated as: y 

0 

tfi 

1'1-H 

at 

U-1 

TTi 



x where a > 0 


example 


s y=f(x)-a 

Fig. 2.13 

plot y = e x + 1; y = e x — X with the help ofy=e* 


0 SOLUTION We know; y = e x (exponential function) could be plotted as, 

y=e* 


1i 


, rr 

rr~r~ 




rr t 


rr 



*■ x 


Fig. 2.14 

y = e x + 1, is shifted upwards by 1 Also y = e x — 1, is shifted downwards by 


unit, shown as 


1 unit, shown as 



>- x 


Fig. 2.15 



Fig. 2.16 


Vf»,t 
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Fig. 2.19 


Plot y = \x\ + 2 and y ~ f x j _ 2 


with the help 0 f y . 


jflON We know;' y-W (modulus funciion) could l„. p | ol ,cd M; 


y=\x\ = -X\X<0 


Fig . 2,17 


-|x| + 2is shifted upwards by 2 units. 


y n )*i* x\x> o 




H' l+ // 0 " +,: 


y=|x|=-^ ; 


X<0 


ys\x\*?,sx*2;xf>0 
y=\x\ = x;x> 0 


► X 


alsoy = |x| - 2is 


O 

( b -/)^= v .^ Fig. 2.18 

shifted downwards by 2 units- 


y=\x\=-x; 

x<0 

y\x\-2—X-2; 

x<0 


y = lxl = x; 
x> 0 

y. 

x>0 


r2l 


££S 


JO Plot y = sin' 1 *; y = (sin' 1 *) + 1 W ^ ^~ ^ 

vVe know, y = sin' 1 x (Inverse trigonometric) could be plo 

y s>x;S + x- = IS - x| = 

«:(S>xr=/s-x|=y\ X 4 . 

T y y=sin~ 1 x;where-1^xi1 and 

/ -►X 
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4 

j 




rJE'f 

a 

- ^ 


and 


v = sin' 1 .v + t. is shifted upwards by 1 unit, 
v = sin" 1 a* - 1. is shifted downwards by 1 unit. 


0 




E 

y 


, >; 

L2+1 

1 

! ft/2. 

1 1 J, 

1 / 

1 / 

1 / 

> / 

\ / 

-•(1. n/2 + 1) y-<®tn _, A) + 1 

ff \ 

A » 

/ '( 1 , R/2)y«sin'V 

r 

« 1 

/ j(l. *2-1) y»(sln' , .v)-1 


0 /!i 

/ « 

/ i 

!/-1 . 

/ i 

r « 

(-1.-fi/2)f / 

—jt/2 ! 

i 

\ / 

(-*2-1)/ 

-a/2-ii 

1 

t 

t. 

.v=—1 

,v= 1 


Fig. 2.21 


► V 


4^ “ (ii) /(x) transforms to /(x - a) 

gy i.t\, fix) _» fix - a); a is positive. Shift the graph of fix) through ‘a’ unit towards ri£ 

-4— - fix) transforms to fix + a). , , 

_j._L iCf f( x ] _> /( X + a); a is positive. Shift the graph of fix) through ‘a units towards left. 

Graphically it could be stated as 

l t 


14 

.• i 


i • 

n 

: ? 
»• > — *- 

i . ; 

"T“" 


i I 


Ti 

t r 



EXAMPLE (0P/ot y = |.v|, y = | at-2| and y=|jc+2|. 
(^SOLUTION As discussed fix) -» fix - a); shift towards right. 

V - I V _ O I ic chl'ItoH ‘O’ nnifr + 




60 



p 

• .. \ 
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! ai50 


y - Jx + 21 is shifted ‘2’ units towards left. 



0 


c 

2 




-r 






- 3 - 

ai- 

fat 

0 A 

4 Z 

3 

j 0) 

I ! 


I i 1 


! i 


rj—1—4—t— 

-■—•—I—r —r 




f — t 

i i 

-i-i-r 

i . 

i i 

- r ^ 

•__ 

r 


L 


■ 


j i 



] r 

__j. 



^ ) 

. 




□ 

■. ... 


„„ 

5 

! 



i 

rr 


\ * 

61 


— 


j 


Hi 


• l -'“V ^ 

Qr'cmtiaH V\\r r^omQpQtitiar 


i~t 

-.i.CXi. 













































































(HI) f{x) tr«niform* to n f{n) 




fix) —> d/U)} « > I 

- p . fl. I 


4 


Stretch the graph of f(.v) V limes along y-axis. 

/(*)-> - f(x); a > 1. 

a 

Shrink the graph of /(.r)'o’ limes alongy-axIs. 
Graphically it could he stated as shown in 

I’*- 2 - 28 ’ all 

Plot y = x; y = 2x itttil y = x. 

TsOLUTION As we know graph for y = 2x t 

y = 2x; is stretch of /(x) ‘2 ’ times 
along y-axis and y = - x; is shrink of /(x)* 2 ' 

2 ^•v 



ri B , 2 .™ 



, 

»- 
j 

r 


1 ‘ 

i 

! 

; 




□ 

t3 


times along y-axis. 

Shown as in Fig. 2.29. 

(Mn * i* )f|ir •- j 







y> 

■ A -i ^ 

/>«**• 

JW / 

/ s ¥ *is' 

U /Uyff 

i, j/8) 

7 ^/f 

o.-t“*“ 

rj 

-■< {> ■ 

w / H 


H * r/ /1 f i r c- 

: *k 

' /Hr^ 

rig 

i 

. 2.28 


w 


- w Plot y = sin * and y = 2sinjr, 

* SOLUTION We know; y = sin x and f (x)-> u/ (x) 

=* Stretch the graph of / (x) V times along y-axie, 

y = 2 sin x => atretch the graph of sin * '2* times along ymxls, 


09 s .al l 




i 



4 



2 


>>- 

m r~~ 

1 

\ /)’ hi 

1 

/ 

A/y-fe 

n'X'XA 

► 

• - * 

~n 


-n/2 J 

O 

\ 

X, 

> 

« 

x. . 



7-i 


^_ 

\ 

->r— - -► 

y^-2 


| -2 



Fig. 2.80 

Above curve is plotted for the Interval f- n. n) art peridiilh with period 2n, 
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As we know; 


A solution 

* V = i/(.Y) 

a 

^ shrink the graph of /(*) 
•a’ times along y-axis. 

\S\v: 1 . 

y = ^ sin x 
- X2 

/ 

^ shrink the graph of fix) 
‘2’ times along y-axis. 







• 

—/—2\ 


i 


' N \y- 

sinx 



1/2 

Lf* 21 


-- 



~ ld2 J 

0 

n /2 

v -* 



VS 

- 1/2 






-1 

/ 



Fig. 2.ai 


(I,) /(*) tr.niformi to /(ax) 

i.e., fix) -> fiax); a > 1 

Shrink (or contract) the graph of fix) ‘a’ 
times along x-axis. 


again fix) -> / 


(B a 


> i 


Stretch (or expand) the graph of fix) ‘a’ 
times along x-aXis. 


\ 


Graphically ihcould be stated as shown in 
% 2.32. \ 


i 

y^(ax) 7 f(x) ye 


- / -/--► 

1/f V a/ 

/^a /-V-1/a>2 

y/yy , 






» 


Fig. 2.82 


Bfc) - Plot y = sin x and y = sin 2x. 

• mm J J 

SOLUTION Here; y = sin2x, is to shrink (or contract) the graph of sin x by ‘2’ units along 
***“• Shown as in Fig. 2.33. 



=-i 


t j 


r 


. ri|.2.*i ...... 

^bove figure sin x is periodic with period 27t and sin 2 x wi perio • 
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C| EXAMPLE Q^ot y = sinx and y sm 2 

P . Wistc Stretch (or expand) the graph of sin AT'2' Hmes 

'-"’X (^SOLUTION Here; y-sin^L 
x-axis. Shown as in Fig. 2.34. 


' I' 

f 



i 1 



L 





v i/i\ 

/ i \ 




V 

= sinx 

^ Qt r 

s. y = sir 

2k) 

i (x/2) 

-2 kU 3k| n 

xi 

»xi « 

c tT 

\ 2 


~jfi 11 

2 

71 

\ 071 

\ 2 



._ 

! 

1 i 

— ^ 






* 


i eirnoii 


Fig. 2.34 


i— i 


From above 


,e figure ’sin x is periodic widr period 2rt and sin (f ) is periodic with period^ 





: I 

f mm \ 

i { 

* • ; - 

; ; : 



?. ? ‘ 


; : « •' 

:: ; | 

TT] 

i i 

m 

■ • 


l' \ 

: 5 

li-i - 


P 


1 

: • 



~r 



- 

u 


-i- 

■ 

• 

ItVM* 

1 

?r<;t 

X 


EXAMPLE (^f dot y = sin" 1 x* .and y = sin 1 (2x). 

SOLUTION Hereby = sin" 1 (2x), is to shrink 
Tor contract) the graph of sin^ x ‘2’ Hmes 
along x-axis. 

Shown as in Fig. 2.35. 

SErS .gH 


V 

a 






K 

2 


S ia 1 (2x) 

'ssirf'M 





py 

-i 

7 



~c~ 

2 






i 

i 

f 



jn je 

jJJjL- 

, 


EXAMPLE (jfapiot y = sin -1 f— - lj. 

\3 ) a 




(^SOLUTION To plot y =j sin 1 |^ — 1 j. j We should foj^ow a^ 

(i) Plot y = sinV x 

(ii) Plot y = sin_1 > i-e., stretch graph ‘^units along x-axis. 

(iii) Plot y - sin - lj, i.c., shift tlftCgSaflWfii) by ‘3’ unit towards right- 


; 
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(v) /(*) transforms to /(-*) 

U, X)--n ia =. t /W—>/(-*) 

To draw y ,= /(— x), take the image of the curve y 


mirror. 


“Tuyfi the graph of /(x) by 180 ° about y 

Graphically it is stated as; 

y-*W 
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ample IP Plot y~ e 

X solution M y = t’ is known; thcny = e~‘ is the image inyaxisas plane mirror h,,, f 
showi as; y 



[EXAMPLE Plot the curve y = log(- *). 

%, SOLUTION Here; y = !og,(- x); is to take mirror image of y = log, xabouty-axis.ShotvM 


y= log„x 





i 


Plot the curve y = sin " 1 (- x). 

ti£S . 31 I 


•-rerrinc* 


SOLUTION Here; y = sin" 1 (-x); is the 
mirror image of y = sin" 1 (x) about y-axis. 

Shown as in Fig. 2.42. 


(%-)\ ot amiol ^ 

■* \ ^ / , - 1 v 





(yt) /(#) tramformi to =/(#)' * / 

u, fM —> - /(x); 

To draw y = - fix) take image of y = /(x) in the x-axis as plane mirror. 

OR 

"Turn the graph of f(x) by 180° about x-axis.” 
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Plot the curve y - - c J 
a e x is known; 


I uT|0 N ^ v - * • --- 

1* -e' takc image of y ~ C * in the *' axls as plane 

^ r '\ (/. n 



Plot the curve y = - (log *) 

d&.f .gil 


i SOLUTION As y = log x is given then y = - log * 
i is the image of y = log x in the x-axis as plane 
: mirror. 


[Ui»l'P LE:0) Plouhe curve y = - {*}; where { •} denotes the fractional pan ofx. 

I SOLUTION As y = {i} is known; 

^ ^ = ~ is the image of y = {x} about x-axis as plane mirror. 


to = /(=*) 

Ha,.. 


•raw y - J ' _ J u°*~ v: v t 

itx-av' take image of /(x) about y-axis to obtain /(-x) and then take image 

s t0 obtain -/(-x). . V - 3 n 

/(x) 



/(x)-> - /(-*)} 


-> - /C-x) 
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EXAMPLE 

^SOLUTION Ah we know the curve fory ~ fxl 

’• to plot y * - [-x] 

(j) lake image about x-axin. 
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'^-^^hrfdrrnatii.n.of graph is Vory i^, an( ~ tediscu ^ . 

Asfrom.abovc example we could $ay y = ( W | S dlfterc| . |t|i| -nl.„b.l,ty /{>i 

But; y = I 'Ml« differentiable <of all x e « - {- I , o. n " " *>> 

~~ .... — 


& il*. 


_ .... i / 

[ e x A M IiE ^ Drau ' the S ra Ph for y =f \log jc r 

§ SOLUTION To draw graph for V = | log *| we hav^ to follow two steps- 
{ (i) Leave the (+ ve) part of y = log x, as it is 1 

(ii) Take images of f-vel cart of v =Mno v i x. *u -it . 

Shown as: 

Graph for y = log* : 


(j) Leave tne i + ve; pari oi y = tog x, as it is 

0 Take images of (-ve) part oSy = log x, i.c„ the part below x-axis in,hex-axis,,,, 

Shown as: a * ls as P'ane mirror. 



Vcl.S . 


which is differentiable for all x e ( 0 , °°) 

jx nia| =x 



iT 


Graph for y = |logx| : 



which is clearly differentiable for all 
- {1}. “as at x = 1 their is a 
sharp edge”. 



XAMPLE (f&j Draw the graph for y = |x 2 - 2 x - 3 |. 

SOLUTION As we know the graph for y = x 2 - 2x - 3 = (x - 3 )(x + 1 ) is a parabola; so to 
sketchy = | x 2 - 2x - 3 1 we have to follow two steps. 

(i) Leave the positive part of y = x 2 ‘- 2 x- 3 , as it is. 

(ii) Take the image of negative part of y = x 2 - 2x - 3 , i.e., the part below x-axis in the 

*-axis as plane mirror shown as in Fig. 2.56. 

Graph for y = x 2 - 2x - 3 = (x - 3)(x + 1) : 
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Curvature and Transformations 
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Graph for y = |* J - 2 * - 3 I: 




► X 


Fig. 2.57 

Clearly above curve is differentiable for all x e R - {- 1, 3). 


-4 


EXAMPLE © Sketch the graph for y = |sinjc|. 

55 SOLUTION Here; y = sin x is known. 

To draw y = | sin x |, we take the mirror image (in x-axis) of the portion of the graph of sin; 
5 which lies below x-axis. 
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\ 

Image of portion below 
x-axis 


Fig. 2.58 

From above figure it is clear; 

y = | sin ;c| is differentiable for all x e R - {nn ; n e integer}. 






(ix) f(x) transforms to /(|x|) 

i.e., /(*)-♦/(!*!)• 

If we know y = fix), then to plot y = /(| x|), we should follow two steps: 

(i) Leave the graph lying right side of they-axis as it is. 

(ii) Take the image of /(x) in the right ofy-axis as the plane mirror and the graph of fix) Y> 
leftward of the y-axis (if it exists) is omitted. 



OR 


Neglect the curve 


for x < 0 and take the images of curve for x £ 0 about y-axis. 
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Graphically shown ns; 
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Fig. 2.68 
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OR 


ove (or neglect) the portion of the graph which lies below x-axis. 

( !| pw t he remaining portion of the graph, and also its mirror image in the x-axis 
Graphically it could be stated as shown in Fig. 2.76. 

graph for y — fte) • 






Fig. 2.76 



0 

£ 

c 

-! 

0 

3 

& 

H 

3 

3 

(ft 


3 

fT 

0 

3 

(ft 


r / 
■ 


: : 


J-- 

f : 


77 


Scanned by CamScanner 














































P/ay with Graphs 
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M) y = /(x) transforms lo|y|- |f(x)| 

lc, ‘ y = /(*) 

(0 
(ii) 


y = 


; In plotted in two Ntr'pN, 


-> y = 


M/(*)|—h>| y| = 
Graphically Ii could bo aimed us; 
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sm x + - 
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EXAMPLE @ Plot the curve \y\ = 

^ SOLUTION Here; we know the graph for y = sin x, is shown as 


(i) y ~ sin*- > y = sin x + 




y - sin jc + - 
2 


y = 


siax + 2 
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Fig. 2.97 


(iii) y = 


sin x + — 
2 


M = 


sin x + - 
2 


(xiii) y /(x) transforms to |y| = 

Le., 


The steps followed are: 
(0 
Gi) 

(iii) 


y = /(x)->|y| = |/( x) |. 


y = /(*) 
y =l/ooi 


r > „ >'=l/(|*|)| 

Graphically it could be stated as- 


y = l/(*n 

^ = l/C| JC |)| 

ly l = l/(MH 


y=3/2 





. 

S2 . 

■^v -.vl*. 
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(ii > *= 1/001 



y=|/(|x|)|-> \y I =l/(|x|)|. 


EXAMPLE Plot the\y\ 

0 SOLUTION Here; we know the graph for y = e 



® y = e~ x 


y = e- x - 



1 

2 


y = I/(U|)| 



Fig. 2.101 
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(iii) y = e 


_ „-M_ 


->y - 


-M _ i 


(iv) y = 


e-M-i 

—> |y 1 - 

C M__ 1 

2 


2 


i 

i 

1/2 

1/2 


XZ.-- x V \Z 


-log 2 0 

log 2 

/ ^ fc/ 


-1/2 

-1/2 


L 


Fig. 2.106 


Fig. 2.107 


! 

' ^ EXAMPLE Plot |y| = |log|x||. 

© SOLUTION Here; y = log x is plotted as; 




J 



► X 


(i) y = log x - > y = l 0 g|x| 

y 


Fig. 2.108 

(ii) y = log | jc 





► X 


i4- 
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-f- 


Fig. 2.109 

Ciii) y = |log|x||—> |y | = |log|x|| 
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Sketch the curve. \y | * 1| jr | :2 ~ 3 1 x j _ 2 j . 
know the graph for ym x 2 ~ Ax - 2. 



( i)y = x 2 -3x-2->y =|x| 2 -3|x|- 2 (ii)y 



(lil) M = IM 2 - 3|x| - 2| 


-\x\ 2 -3\x\-2-*y=\lx\ 2 -3\xl-2l. 


y 
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curvature and Transf 
























rf/ Y \i • (where [ • 1 denotes the greatest integer 






*nj 


/(x)-> [fix)] 

■ A r rn draw v = r/C*)] mark the integer ony-axis. Draw the horizontal li nes 
Here; tnotde . Draw vertical dotted lines from these intersection p oint S 

2T„„tS lines paratleUo x-axis from any intersection point to the nearest vertical ^ 
with blank dot at right end in case fW increase. 

r% I? 



**!!! 2 Mmk the intervals of unit length with integers as end points ony-axis. 

Step 3. Mark the corresponding intervals {with the help of graph of /(*)} on x-axis. 
Step 4. Plot the value of [/(*)] for each of the marked intervals. 


Graphically it could be shown as: 



; E X A Nl P L E (jj) Sketch the curve y = [sin xl 
Q SOLUTION Here, sketch for y = sin x is shown as in Fig. 2.117. 
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Fie- 2.117 

y = sin .Y —> y = [sin x] 



EXAMPLE Sketch the curve y =[x 2 - 1J (where [ ■ ] denotes greatest integer function). 
; When-2< x< 2. 
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P/aywitfi Graphs 


14 

[■ * f - 


!• i 


EXAMPLE Sketch the curve; y *1^2- a 4 I; when / 7 denote the struts 
function. 

W SOLUTION Wo know, y * fo- x* representsn circle for y >. 0. 

| Shown as in Fig. 2.121. 


“ '""ft, 


. 

- I 


4 


': —| 

- • m! 
i 

...i 


: i 

u„. 

U-L. 


H 


-f-T 



Thus, the graph fory « h/2-.v 2 ] 



Fig. 2.121 


(xv) y ~ /(x) transforms to y = /([x]) 


Here, mark the integers on the .Y-axis. Draw vertical lines till th™ • , . 

From these intersection points draw horizontal lines fmr 11 i Y tGrSect the Rra P h of /M 
vertical line, with a black dot on each near^t^ht l wmVnnu!i e ...v^-u*^! S ? 


>- 

| 

- : ..Lv^ 

rr 
, > 
i t 

rr 


nenn>srrioki-» A w.> m , -" to meet the nearest right 

right vettical line which can be shown as in Fig. 2.122. 

y = /(*) 6 


4 — 
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4 ~ 


Scanned by CamScanner 














































y * /(r.v7) 



OR 

y = f(x) -+ y = /([*]) 

Step 1. Plot the straight lines parallel to y-axis for integral values of* 

(say-3, - 2, - 1, 0, 1, 2, 3, ■■■) , v = - 3 * = - 2 x = - i, * = 0, * = I, ...on the curve. 

s ' cp 2 ' "° k " ,hc lower marked point for * say if,, < * < „ + 1 then take the point a, * = „ and 
Jlriromanine to the nearest vertical line formed hy * - » + 1. proceed,ng ,n .hts way we get 

required curve. 

© lx J 

Plot the curve y = <* • 

0 SOLUTION Here the graph for y - e 1 * 1 is shown as, 
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|4 
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to 


%k> lUT|Q ^ Sketch the curve y = sin [x] when -2n £ x £ 2 ti 
N The curve for 

y ~ sin[ArJ; could be plotted as shown in Fig. 2.125. 
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(«) 

£X A M P L ^ 

when OlxZn. 


y * /(*)-> y = /((*]) 

y = f(lx 1) — *y=l/(U1)] 



Sketch the curve y - [sin[x]l where / J denotes the greatest integral function 



-+y 


rom above figure we conclude that; 

=» y - sm[x] e [0, U 

' Hen y = [sinMl — 0 ft** 11 O****- 
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(til) y - |r , * , l| limn I'ltf. 2.130. 

o< r 1,1 ' I; x< 0 

f‘*U 




r !< l _ I J {)<, x< I 
(••■*• a 2.7 ; 1ZX< 2 


Thus; .v h |c ,f *1 

0; x<0 

I • 0 X < 1 wliovvn as I* 1 

[ 2 ; I6x<2 

Fig. 2.131. 

fee'll when x<2 


> y * 


Grnpli for; y 


i 




0 

" j 


2 

1 , 

J 

> - fj 

► *--► - ^ 

/*[*' 

— -— ( 

-- 

—__ 


14 -3 -2 "I 0 


i ; 

> 1 


Fig. 2.131 


<XV, ; , |t y ro .!'heaonly G thot which/(x)e infers,as[y]ein,,. 

for ti; (yj = fW represents only Integral value, ofy. Here, domain of /Ware set of value,.,, 
for which /(x) e integers. 


EXAMPLE® 5/cctc/i the curve; 

ly ] - sm x. 

SOLUTION As we know; - 1 £ sin x £ 1 but since, [y] - sin x. 
sin x = - 1, 0,1 are only solutions; 


or 


x = HI G Domain of [y] = sinx. 
2 


Thus, iyi 

Graph for 


= sin x is shown as in Fig. 2.132. 
y = sin x : 


y 
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aM ple 0 ) Sketch the curve y = ({x} - l) 2 . 

| olU t, °N Here, we know the cum? for y = (* - l) 2 shown as; 

6t>P i ‘ f0ry = ( V 1)2; 


\ 


L, 


Z 

2 , 

i 

o 

1 

2 


Fig. 2.140 

Now; to plot y = ({*} - l) 2 retain the 
‘ a ph for the interval x € [0, 1) and 

repeat for length ‘one’. _ 


Graph for y = ({*} - l) 2 : 



I : 


yJ({x)-1) 2 


► X 


EXAMPLE © Sketch the curve |y| = ({x} - l) 2 . 

| SOLUTION As discussed in above example y = ({x} - l) 2 . 
ttus, \y\ = ({4 - l) 2 is image of ({x} - l) 2 on x-axis whenever ({x} - 1) is positive. 

Graph of | y | = ({*} - l ) 2 : 
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Fig. 2.142 


E Sketch the graph of y = 

^SOLUTION As we know 2 X is exponential function and we want to transform it to 2 x ~ [x \ it 
fetain toe graph for x e [0,1) and repeat for rest points. 

Graph for y = 2<*> 

To retain graph between x e [0,1). 


•: 


Graph for y = 2 * 
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Fig. 2.144 
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P/ay with Graphs 




(X * Here f ptot'thctori^ntaUinM for all integral values; of y and for the point of 
/(vOplot draw vertical lines and translate the graph for boundary y = o and 


lr itersei 


y*i 




EXAMPLE^ Sketch the curve y = {sill .v). (where {•} denotes the fractional part of 
tk SOLUTION As we know the graph for y = sin x. Shown as. 

! Graph of sin x : 



Fig. 2.145 


As to retain the curve when 0 < y < 1; and shift other sections of graph between y = Otoy =1 

r** r P— 

Graph for y = {sin x} : 

T 
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v-v ): tt'iaj,, u, r Sl , 


| graph N'twwu 0 s v v t. .. * sw, Ph for o.s » ; 


1 *«ul for <*u,e 



1 ‘""• ,v " ls "—i™,,, 


EXAMPLE 0 Sketch the curve y = {e x } 
0 SOLUTION As we know the curve y = e* * 

shown as: 



Graph for y - {e*} : 

To t eta in the graph for 0^ y < l and transform 
the others to 0 < y < 1. 



hxi) y = /(x) transforms to y = {/({x})} 
Here, we haw to follow two steps : 

(i) Draw the graph for y = /({*}). 

m f({ X }) —* {/({*»} 


T Sketch the curve y = {e^}. 

i 0N As we know the curve for y = e x , is plotted as shown in Fig. 2.151. 
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Curvature and 2 ransformations 










































Graph for y = {e***}: 


y 



Here, we know the graph for y e { now to plot straight lines 11 to x-axis for integral values of} 
and r etain the graph for 0 < y < 1 and transfo rm the others between 0 < y < L 

example Sketch the curve y = {sinfx}} 

O SOLUTION As we know the curve y = sin^is plotted as- 
Graph for y = sin x : 
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Graph for y = sin{*} : 



J 


Graph for y = {sinf*}} : 
From above figure 


y = sin{.r} 


0 < y < L 
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EXAMPLE @ Sketch the curve (y> = x l . 


- v 2 t 



Graph for {y} - x 



EXAMPLE ^ Sketch the curve {y} = sin x 
Q SOLUTION As we know the curve y = sin x, is plotted as shown in Fig. 2.160 and 2.161. 

Graph for y = sin x : 
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From 
ate same 


ilgum y r- leos.vl llm Mwivii II), I), whirl, rilmws .V - I ... 
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I 



(xxiv) y = f(x) transforms to y - f~'(x) 

As discussed in chapter 1. y - f~ l (a ) is the mirror image oi y = /(x) about y » x. 


OR 


i j 

TT 


“Interchangesandy-axis when function is bijective. 

Graphically it could be stated as : 


. r 

f- 

J 

i 

i 

i 

i 



SKETCHING b(x) = MAXIMUM {f(x),g(x)j AND h(x) = MINIMUM 


(i) h(x) = maximum {f(x), g(x)} 




V 1 


S 'VS; 

102; 


=* /i(s) = when > 

IgOO; when g (x) > /(x) 

the grq!h of/X^ w ^ ien * ts 8 ra ph is above the graph ofg(x) and sketch g(x) when its g ra P^' 


00 h{x) minimum (f(x\. g(x)} 


=* h(x) = | /w - when fM < sM 

U(*)» when g(x) < /(x) 

Sketch /(x) when its graph is lower and otherwise sketch g(x). 
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One must rernsmber fbe lormout 


tna/ {ft/f y(/n - ' h'/) 

Hx) %(/) 

'/ 

2 

coin (fix), g(/„ - U/> ‘ l{,/ > 

• f /> - V//t 


2 

on 


“To drew graph of functions of the form y ~ max {f(x), g(x)} or 

„ win </(*)’ 

1 ~ yj c fj r r f ( draw the graphs of both the functions ft /> and yj / > and their points of intersections, 
then v/e find any two consecutive points of inutrs/yxirm. in her ween these points either 
«(/) or /(x) < gixf then, in order to max 1 , f (x), yjx)) we take those figments of /O) 
t,j c h /(xl > %(*)> between any two rx/nseewrlve points of intersection of ft/) end yjx). 
f ° T Cmilnriy, in order to r»Jo f/fx),*(x)b we take fhoae segments of fix) for which 
^ *fx), between any two consecutive points of intersection of fix) and g<x). 

S* )<g ’ ( 3r.) 

EXAMPLE O Sketch the graph of y * rrwx {sin x, cosxi, *1 x \~ 7 ' ! 2 ) 

4 SOLUTION First plot both y * sin X and 

7 „ - rosx by a dotted curve as cart be seen 
y ' , . f fin) 

from the graph in the interval |~rt, yj 

and then darken those dotted lines for 
which fix) > g(x) or g(x) > fix). 

From adjacent figure the point of 
intersections are A, B, C. 



Fig. 2.168 


0 

c 

3 

8 

«4 

£ 

■1 

8 

3 

& 

H 

8 

3 

(ft 

■fa 

0 

3 

»■ 

~f¥ 

m ii 
0 
3 
W 


/, Graph of max {»ln x, co« X) 



y » fftSi/. { CIO O to > x j 

+-X 



Fig. 2.169 


t 


®6fcj i& Sketch the graph for y ~ n ^ n U !,nx ’ cnl ^ 
«n gr '® N Flr « plot both f(x )» tan x 


nr,( l then darken those dotted line 


1 r vl « cot x by a d °« cd curves as can u. 

iLf/or which/(x)<«W and *W</W- 


can be seen from 
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As 


from the above curve graph for.y - min {\x - I|, |jr|, \x 11 > h plotted as; 



o 

c 

3 


&> 

f4 

c 


From above figuie, 


-O +1); 

(x + 1) ; 


*<-1 




min {1^ - 11, |a - IJ x + 11} | 



CD 

CD 

3 

a 

H 

&) 

3 

W 


Step 2. Plot the curve hix) - f^xj-r gK ; 

Le> f(x) + a<hW<fM + b 

Step 3. Check g(x) = 0 => h(x) = /(x). 

Step 4 . Wheng(x)>° =» hix)>fix)- 
Step 5. When g(x) <0 => h(x) < /(X)- 

. - ...... 

XAMPLE Plot the curve y = x + sin x 
SOLUTION Here, y = x + sin x = /(*) + g(x) 

^weknow; g (x) = sinx e [-l V (i) 

^ x-Hy- x+1 (called bounded limits) 

0 sketch the curve between two parallel lines y — x (ij) 

° : s(*) = o => y = x _ _ ...cm) 

gix) > 0 


0 

n 

s 

0 ) 

i+ 

o’ 

3 

tw 


> i 


: ; 


! 


I i 


Tt 


if" 

f+r 


y = x + sin x > x 


t 

•f* 
1 . 


ft 

r I 

,L— ~4. 

T~ 


i ; 

r 


rx 

r i 


i_ 



l 

I 






t.i 
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^ V s,Vi^V<A' 


(lv) 





WHEN f (x), g (a) -> f{x) • g (a) = h(x) 

-- 

but we can use die following steps if minimum and maximum of any 

CQr IS jESfiWm. 

1- nmmnnn. and ma xim um of any one of them say a < g(x) < b 

Srjsp 2. Rmaepl; a-/(x)<fi(x)< &-/(*) 

Steo 3- tb=d g(x) = 0 => h(x)=0. 


T 


EXAMPLE © 


S fJZZ£Zl CUP y iz x sin X 


0 SOUJTIQW Here; y — xsinx; 


i 


-1< sinx< 1 
— x<y< x ...(0 


>rnere- 

- 

also; sn x - 0 

=* x = -2 i,-«,Q ( z,2k,... 

-- y ® 0 * = - 2 *, - Z, G, X,... 


5 

'>5 
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EXAMPLE (Vi) Sketch the curves of the following : 

(0 y = 4 X ~ [x] y = [x] + Vx - [x] 

Oi'O y = |M + Vx- [x] |; where [ •] represent greatest integer function 
& SOLUTION (i) As we know that; 

0 < x - [x] < 1 for all xe R. 

Also, for any x e [0, 1), we have 

x 2 < x< Vx 


Now, 


y = V* - M = • 


X-[x]< yfx - U] 

V* + 1 > when - 1 < x < 0 
Vx , when 0 < x < 1 
V* - 1 > when 1 < x < 2 


and so on. 


lx - 2 , when 2 < x < 3 

Thus, from above we have to plot; 

y = Vx, when 0 < x < 1 

y = V* ~ 1, when 1 < x < 2 

(Le., same as shifting Vx towards right by 1 unit 
y = V* - 2, when 2 < x < 3 

(t.e., same as shifting Vx towards right by 2 units 
the curve fory = Jx - [x] is periodic with period ‘1’. Shown as in Fig. 2.178. 



(ii) As we know; 


y = 


y = [x] + V^ - [x] 

-1 + ^[x~+^, when -1 < x < 0 
Vx , when 0 < x < 1 

1 + Vx - 1 , when 1 < x < 2 

2 + V* - 2 , when 2 < x < 3 ... and so on. 


Scanned by CamScanner 






































































































































































































example 

Q SOLUTION Here; 

(a) /(-*) = /(*) 

(b) When 

(c) 


_ n _ v 2 / 3 'i 3/2 

Sketch the cur\’e y - U * J 

... even function or symmetric about y*axis 
x = o=>y = l 1 

y = 0 => X = ± lj 
Domain e [- 1,1] 1 
Range e [0, 1] J 


(d) 

(e) 


^ > 0 when x e [- X 0] 
dx 

^-<0 when x e [0,1] 
dx \ 

tLZ. > 0 when xe[-l,l] ► 

dx 2 J 


From above; 



EXAMPLE^ Sketch the graph for y = (x - Dx 273 . 

©SOLUTION In y = (x-l)x 2/3 

(a) Not symmetric about any axis or origin. 


(b) 

asx = 0=>y = 0 1 
as y = 0 => x = 0, lj 

(c) 

Domain g R 1 

Range g R j 

(d) 

dy _ ^ 2/3 + 2(x - 1) 5x - 2 
dx 3x 1/3 " 3x 1/3 


dy 9 

— > 0, when x < 0 or x > - 
dx 5 


dy o 

— < 0, when 0 < x < — 
dx 5 



•~(iv) 

•••(v) 
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EXAMPLE (M skctch the S ra P }l f° r: 

(i) y = C |x| - e- x 

(Hi) |j| = |l + e |x| - e~ x \ 

SOLUTION 

(I) Here y = e w - e~ x 


(U) y =\1 + e |x| - e~ x | 
(iv) \y | < | 1 + c w - e~ x | 


y = 


y = 


e-e ; x >0 


|e * - e x ; jc< 0 


e x - e x : x> 0 


0 


x< 0 


y = e x - e~ x 


To discuss; 

(i) when x = 0 => y = 0 (it passes through origin) 

(ii) when y = 0 => e 2 * - 1 = 0 =* x = 0 

(iii) /(-*) = - f(x) 

as y = fix) = e x - e~ x 

f /(-*) = - e x = - fix); 

it shows y = fix) = e x - e~ x is odd function, i.e., symmetric about origin. 

(iv) 


dy 

dx 


y = e x - e~ x 
= e x + e~ x =--— > o for all xgR. 


(v) 


y is increasing for all x. 

d*y 

dx 2 


x v e 2 * — l 

= e - e = _i 


fy 

dx 


2 > 0 when x > 0; concave up and increasing . 


1 d 2 y 

3 S ° dx 2 < ° when x < °» concave down and 
y = e* - e - x ; is plotted as shown in Fig. 2.196. 


increasing from above discussion 



Recall: Increasing 
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Sow; 

v = e ir? - t 


je~ - e '; x> 0 
! 0 ; x < 0. 


Thus from Fig. 2.197. 


plotting of y = M * e *I 


ys1;x<0 1 


y- e*- e X \x>0 


Fig. 2.198 


From above Fig. 2.198. 


y = e M - e’ 


Fig. 2.197 


7 = 


I l + e x -e x ; 


y = 1 + e 

x> 0 
x < 0 


Fig. 2.199 


Thus, the graph for; 


y=jl + e M-e-*l 

is same as; y = 1 + e e 

:. Graph for y =\1 + - e'*l is shown in Fig. 2.199. 

”0 Plotting of \yl = /1 + e w - e~*\ 


y=\t*e'-e-' 




{as y 2 1 f °r xeR} 


Fig. 2.200 
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Curvature and Transformations 
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$ 


: .I i 


i ! 

7 J 


■ 1 '' 

..’i 

i 

. ■ ? 1 

i 

it i 

h 

■t,.} 

j. t 

• f . >.. vir 

-1 

U , 

* J — 

:-V. 

i ‘ 1 
. 1 ■ } 

■v|,: ! : 

i i " 

* re 

•• t 

> 

1 

. 

j -- v v; = 

. , : • v 

1 - ■ ; '4 

'•;"V ■•‘•'•V'. K 


Nr 


(iv) pioMhtQaf |yj - |i * * N *1 

l i nm above (I)Him* check any point fifty 
( 0 . 0 ) 

-4 0 \ |l| (Tin#, thus lo shade nmi 

tnwatdfi (0, 0), 

Mom given figure ihitdf pint represents 
the hnumliMl |>r*iw«*«*n iwo curves. 



a* 

or 

it ltd 


CXAMl’LC o Men /»//#r* curve of ihf fallowing: 

(I) | x t r v | >- I 
<7/0 |*|=i-| i y|S2 

SOLUTION 

(I) Horn to akotch, \x \ y\ Z 1 

wc? know; lx ♦ ,y|£ I 
x i y > 1 
x * y $ - I 

x y £ I 
x i y £ - 1 

Mint we shall draw the graph for 
x i y - 1 and x t y = - J, now we 
filial! consider any Hxed point say 
<0, ()) and check x I y k l and 
x 4 y & - I hold* or not, 

An; x » y > I m Ok 3 (false). 

,\ shaded pan Js away from origin, 

again as; x >t y \ 

0£ - 1 (false) 

/. Shaded part is away from origin 
shown as In Pig, 2,202, 

(II) To sketch |x~y|s1 

we know | ~ yj SI 

"1 £ X - y Ik I 
-1 - xs «y $ 1 - x 


00 | x - y | < 1 
(iv) |jf| - |y | ^ 1 



w ■■ 
• 
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or 


(x - 1) < y < (x + 1) 




Thus, to plot y between (x - 1) to (x + 1). 
In figure s ^ a< ^ ec * P arts I s towards origin 




| 0 - 0|<1 
0 < 1 


(true) 



n 

-4—i —h • t 

jJj.r 




n 

j _t 


o 

e 

3 

a 


i .1 

T t 


(Hi) To sketch |x| + |y|<2 

Here; |y | = 2 - | x | is plotted as; 


Fig. 2.203 



Fig. 2.204 

From above graph of \y J = 2 — | x |, we can check shading of 
|y|<2-|x| or |*| + l.y|^ 2 - 
as at (0, 0) => 0 < 2 (true) 

shading towards origin; shown as in Fig. 2.205. 

fetching of fjr | -|y|>1 

Sketch |*|-|j,| 2 1; we proceed as: 
^'(*~l)->y = | x j_ 1 —> j y j = j X j — l^lxl-ly 1^1 



-►X 
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SAMPLE vH/ Sketch the curve for; 

CO 2^1^1 + 21,1-1^ 

f SOLUTION (j) Here 2 ,Af l|y| + 2 I*M S1 


|y| + i < 2~W 

Thus, to plot W + i S 2-W we proceed as; 


00 2W | y | + 2 I»m 


2 


nnd 


ly |s I 




CO 


y = rw - i-> ly| = 2-w _ 1 


Shown as; 


CiO 




Fig. 2.210 


(iii) 


\y\z 2 -w _ I 

2 

(iv) 






r* 


0 

c 

1 

* 

C 

n 

0 

fi) 

a 

H 

3 

3 

to 

? 

0 

il 

T£ 

|0 

J 3 

W 

4+ 




{_ 

1 

T 


\ 

2 

r 

II 

• r-< * ■< 
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Here, figure (iv) is shaded towards origin as putting 


x = 0,y 


= 0 in \y]Z 2' |x| -1 

2 


=* 0 s 1 - I or 0 £ i, which is true, therefore, shaded towards origin. 
2 2 
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! @ Sketch the graph for 

j y l°£sinx e 


lUTl0N (0 Here, / = - lo gsln , e = j^J inx 


is defined when, 




x e 


sinx> 0 and sinx^l. 

(2tin, (2 n + l)n)~ V™ + n/2}; neN 


o 

c 

l 


c 

*1 

(D 


fi) 

3 

Q. 


...(i) 


H 


3 

0) 

■to 

$ 

zj 


3 

_i 


&> 
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if* 



c 
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; 1 1 

• 
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r — 
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" i 
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Li 
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□ 



L j j 



! 1 



! 
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- 
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. , » 


j , 


■v .i; 

«rii» 
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If; 


, 1-2 


•. I ‘ r 
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.0 sketching of [y] = cos* 

From above curve cos * = - 1, 0, 1 when x = -2k,- 3k 


^ [y] = cos .v is possible only 
when x e j± 2k, ± ^ , ± n, ± ^, oj 

Thus, 

cos x = - 1 => -1 < y < 0 

cosx=0 => 0<y<0 

cosx = l => 1< y < 2 

Thus, [y] = cos x is plotted as 
shown in Fig. 2.216. 


(ii) Sketching of [y] = [cosx] 

First to plot / = [cosx]. Shown as; 


• (- 271 , 1 ) 


n n 3 k „ 
2 ’ ’ 2’°’2 ,n, ~2’ K 
y. 

A 


- * -< 

P--- X 

f - c 

1 - S 

P - 1 

r - * 

-2 k 

e 

7t 

l 

o 

>K|C\I 

1 

■> _ 

j 

# 

rc n 

? 

3rc 2rt 

2 

--— C 


-1 

-2 


[y] = COS X 

Fig. 2.216 


y 


-'( 0 . 1 ) 


(2»c.1) 



-►X 


From above figure 


Fig. 2.217 

y = [COSX] 


y 




-1 


?<«<T 


37 C 


0 ; 0<\x\<^ and — <\x\<2* 


1 ; |jc| = Q. 2nr 


Thus, 


when y = 0 
y = l 
y=-l 


[y] e [0,1) 
[y] e a 2) 
[y]e[- 1,0) 




) 


o 

c 

3 

& 

f+ 

c 

(D 

fi) 
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a 
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I 


i 


123 


4- 


tti 

Scanned by CamScanner 


















































1 



Scanned by CamScanner 







































































































































'•I 


o 

c 


1 

-U \ 

- 1 

i 

i 


2 

{ lr/ 

fl) 


i 

— 

i 


BT_. 

i. 1 

- 


3 

(A 

. - 

i • ■ 

. 


■h 

— - 

1 ; 
i i • 

i i ■ T ~ 

-- 

$ 


i 

JJ,. 


3 


- 1 


s 

■ 

4 

1 


ft 

t 



0 

" f 

] . 


3 



-- 


— 

~l j 

-— 4—1 








1 ' 




T 




^ i 

} 




LL 




1 j 

i j 







I 

—r 











s 

*" 



tt 




LL 




LL 









'125 

4 • 

:i'l 

». 

tt 

4 — -r 































































































































































































































































«in I ' ' 2 y I ,!i " 




This inequality I'nlds true for nil 
when sin ^ •*" (*Tl 

, v ( V 


Le., 


or 


or 




0 and sin 


m 


y |<0 and sin 


( y-x 
i 2 


o 

0 


x + y> 2nn and y - x > 2nn 
x + y < 2nn and y - x< 2nn 

\y > 2nn - x \y < 2rm ~ * 

L>2mt + x ° r [y < 2nn + x where nzz 


y > /.nn -r a ^ - 

Here, the equation x + y = 2fet represents a system of parallel straight lines cor; 
different values of k. 

Say fc = 0,l => y = -x and y = - x + 2n. 

i.c., the set of points whose coordinates satisfy the inequality 

0< x + y < 2k 

Similarly, for general points: 2kn < x + y < (2k + l)rt 


Now, the set of points which satisfy sin ^ j > 0. 


-"/ry 



x+y-2kz 


Fig. 2.222 


' 

•-V • • 
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I ** ^ .... 2 «n.-0<.^ y<2C2n + 

| onb *foc* 1 ' c which satisfy Kq (if) 

j cjinil 21 ^ ’ ~ (2 p - i) - < v _ v < *, ( 0 ) „ 

lft g» » b0Ve ”" 1 * 8,31,11 ** "» j^co s ,- is sho^ ^' 2 


-(ii) 

...(iii) 


009 


the ciinv \* 


■* v 


= a 


g jf A M P t- ^ Sketch 

m SOLUTION As to sketch, a~ 3 + v ' 3 = a *'3 

1 0) C urs ’ e f s symmetric about y -axis (as when ,v is replaced bv (- x) cun’e remains same) 
i /.-n run^e is symmetric about .r-avic fac .._ ? ___-> 


o 

c 

& 

f¥ 

z 

0 


(hO When. 

•V — 0 y = ± a 

when. 

ii 

o 

ii 

ii 

14* 

P 

(v) 

-V 2 3 = (a 2 3 - A-- 3 ), 

or 

v 2 = (a 2 3 - a- 2 ' 3 ) 3 ; 


a> 

3 

fi. 


- *'■ J y 

differentiating both sides.. 2v= 3(cr 3 - ,v Z 3 ) 2 ,v' 1/3 | 

dx (3 J 

< 0 when a* > 0. v > 0 [to discuss 0 < x < a and to take symmetry for rest of 

t ^ 


ax 


graph using Eqs. (i), (ii) and (iii)]. 

(Vi) tom above y% — - -v 2 ' 3 ) 2 


Differentiating again., we get; 

y^L + ^Lj 1 = - x- 1 ' 3 ■ 2(a z/:i - x- 3 ) |-|.v- 1/3 j + |.v^ /3 (a 2/3 - •v 2 ' 3 ) 2 


_ — x~ z ' 3 (a 2/3 - V 2 ' 3 ) + -x"* /3 (a 2 ' 3 - x V3 ) 2 

3 * 3 

= l x ~ 2/3 (a 2/3 - x z/3 ){4 + x~ v3 {.a v3 - x 

3 


ver; 0<x<a and y>0. 


d 2 y 

—- = + ve whenever; 

dx 

Thus; when 0 <x< a and y>0 

d 2 y 


dy 


■> 0 , 


— <0 and —, 
dx dx 2 

decreasing and concave up. 

**• Graph for a 273 + y 2/3 = a 2/3 



1 



Above curve is known as 

x = a cos 3 t 
v = a sin 3 f 


Astroid represented by the 

. 0 ^ t - 3 > G 


following parametric equations: 


H 

■* 

z 

3 

W 


0 

■* 

3 

B) 

(4 


0 

3 

(A 


. 


j » 

rt • 

r i 






1- ; • T 


£4-1-4 


-U~i 


miLi 

mm 


\s ? 


iFi i ! 

f-r-rt 
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Jfl 

(/) 

£ 

a 

(0 

0 


2/3 2/3 2/3 

Eliminating cos r and sin t from above equations, we get x + y = a 
where the quantities x and y arc defined for all values of t. But since, the functions cos t 
periodic with period 2it, it is sufficient to discuss the curve for t 6 [0, 2n). 

Domain of function e [0, 2n]| 

Range of function e [- a, a] J 


and sin 3 


^ Sr& 


U 


U j" 


Now, 


dx » 2 . • 

— = -3a cos t sint 

dt 

— = + 3a sin 2 1 cost 
dt 


-G) 


•••(if] 


t t dx — dv - A ^ o 3 ji _ 

Here, — = 0, — = 0 => t = 0, —, 8k, — ,2k. 

dt dx 2 2 


IF 

> 

i \ 

i i 

s ! i 

; \ ] 

' i 

! i 


| ! 

! i 

r r 

: 

1 

i 






i 




• 




















i 









) •" 


if 

t ' . 

,128 1 

7 1 


h 

.. - 

R 



4 :i 

, 

i 



dy_ 

dx 

d 2 y 


= - tant 


1 


dx 2 3a cos 4 t sint 

From Eqs. (i), (ii), (iii) and (iv), we construct a table; 


••(ivj 


Range of t 

Domain (x) 

Range (y) 

Sign of* 

dx 

Sign of —^ 
dx- 

0< t < — 

2 

0 < x< a 

0<y < a 

— 

+ 

£ 

V 

V 

K | <N 

-a<x <0 

0 < y < a 

+ 

+ 

3k 

7t < t < - 

2 

- a<x <0 

- a < y < 0 

— 

— 

3k 

— <t <2n 

2 

0< x< a 

-a < y < 0 

+ 



On the basis of above information we can sketch 
x = a cos 3 1 

y = b sin 3 1 

Students are adviced to convert the cartesian into 
parametric if possible. 



EXAMPLE (fp 


Sketch the curves: 


A 


(i) y = 


e x + e~ x 


(ii) y = 


X —X 

e - e 


(Hi) y = 


e x - e x 
e x + e~ x 


(iv) y' e x -1 


# SOLUTION (i) Sketching of f(x) = y = e * t e ~* 

I 


J) 


(a) /( x) — /(x), .*. even or symmetric about y-axis 
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r 


V ' 


V ® © r^v ^ 3s ^ 

,;Y f' 

^ * * 

> 




%:v 


•2 > f - t' 


t + .1 


jr 1 

-f- > 0 whenever ,v ^ o' 

'V 

SJrvs ww; T ^ 

*■ ** 

7-vi' whenever ,v ^ oj 


a*v 


>■ 0 ror *]} v L 


.rr 


...du' 


...(iv) 


U.\ (ii), ini') and (iv) graph of 


v = 




e x -e x 

H Sketching y = —-— 

(s) /(—x) = ~ _• C-v). 

cod ftmcDon or symmetric about origin ...(i) 
fvj _x = 0 — v = 0 •••(ii) 

■• •»- — T 

try *f £ 

■ r o ~ — __ 

dr 2 


>0 for all X 


(d) 


err - e 


-X 


CX~ 

d 2 y 

dx 2 


> 0 when x > 0 


...(iv) 


d~r _ , n 

—V < 0 when x < 0 

dr 2 j 


X „ -x 

e - e 


Eqs. (0, (ii), (iii) and (iv) graph ofy = -- 

^-etching of y = 


e x - e~ x 


e x +e~ x 


...\x0 



j»‘ - 9 ' 


o 

Fig. 2.225 


-*■ \ 



0 

c 

3 

a 

*4 

c 

<0 

a> 

3 

H 

.... n.,. 

fi) 

3 

W 

«* 

S 

3 

ft 

0 
3 

<0 

u 


Fig. 2.226 


t 

I 


(i) 


(c) 




/(-X) = - fix), odd function or symmetric about origin 

as x = 0 =* y = ° 

Domain e R 
Range e (- X 1)J 

^ > 0 for all xeH 
dx 


...(i) 

..(ii) 

.(iii) 

.(iv) 


I 


-H 

i 

I 

1- 
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o 
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2 


£D 

f+ 

C 

<D 


fi) 

3 

a 


H 

fi) 

3 

to 


3 

D) 


0 

3 

(0 


J_ j_K 

J—!-> • 


L 


f —hi-. 




f+4 


EX - 
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i 

—ri 
4 


1 •!» 


=4 


44J 
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way with Graphs 
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r 


y 

i 

0 5 

i ^ 

4 

i 

I 

(1.0.5) 

Z°***jj& y®4) 


; 

Z ^- _1 / 

(-V3, -V3/4 j _ / 

-05) -0.5 

o i H 

1- <5 l . 

— 


Concave dov/n Concave up 

Concave down 

Concavo up 


rn above figure : 

Fig. 2.233 


| X 

I 

dy/dx 

d 2 y/dx 2 

-OO < x < - V3 

- 

- 

-V3 < x< -1 

} 

- 

+ 

- 1 < x < 0 

+ 

+ 

0< x< 1 

+ 

— 

1 < x < V3 

- 

— 

-/3 < x< °° 

- 

+ 


EXAMPLE @ Sketch the curve y 2 =* 3 - (Semicubical parabola). 

SOLUTION To plot the curve we discuss, 

, , . „ •_ ,,_v _ v curve remains same). 

(i) Symmetric about x-axis (asy y 

(ii) Domain € [0, <») 

ii0 l,an8e€ * y = 7? and y = - V?, we draw y = V? and take 

(i.e., to discuss curve when*, y ^ 0). 


Here, to plot y 2 = * 3 -T 


image about x-axis for y - 

(iv) = - x l/2 = - Vx > 0 for all x, y > 0. 
dx 2 2 

?2 

(*)~4= 3 >0 fora U X) y>0. 

* 47* 

^creasing and concave up when x > 0- 
!l!!i%(i), (ii), (iii), (iv) and (v). 




o 

C 

3 


tu 

c 

-1 

(D 


0) 

□ 

a 

H 

3 

w 


0 

= 

3 

Q) 

f+ 

0 


3 

(0 


j“T+' 


r 

-J- - 

-~-u 

t 


-- 4 —- 

J- 

L. j_ 

_ i 


-— | 

iT 

j 









• 




H .mJ' 


*jL V . 4 V 



» - * f 
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; : : 
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1. Sketch tho curves; (where [ ) denotes 
greatest integer function). 

(i) y =\2-\x - 1 |f 
(H) y = 2 4 


the 


(iii) |yl = 2- 


|*-1| 

4 

|x-lj 


2 -— 

|x-1| 


(iv) y = 

(V) W=| 2 -j731] 

(vi) y = |e ,jr| - 21 

(vii) |y| = |e |x, -2| 

(viii) y= x - [x] 

(ix) y = -jx - M 

(x) y =(x-[x]) 2 

(xi) |y| = -A - M 

(xii) |y| = (x-[x]) 2 

(xiii) y = |x-1J + |x + 1| 

(xiv) |y| = |x-1| + |x + 1| 

(xv) y =(|x — 1JJ 

(xvi) |y| = (|x-1|J 
(xvii) y=x + (x] 

(xviii) y = |x| + [Jx|] 

(xix) |y(=x + [x] 

(xx) |y| = |x| + [(x(] 

Sketch the curves; 

(i) y = Vsinx 

(ii) |y( = Vsinx 

(iii) y = |sinx| + |cosx| 

(iv) |y| 

= cosx + (cos x| 

( y ) y = sin 2 x-2sinx 


(vi) 

y = 

2 tr,x 

(vii) 

y = 

log 2 (|sinx() 

(viii) 

|y| 

= log 2 (sinx | 

(ix) 

y = 

l09 -«(i) 

(x) 

|y| 

=| °g«,(5j 


0 

c 

3 

si 


3. Sketch the curve y = sin' 



14 


c 




(D 

. (l-x 2 

sin 1 -r- 

3 

3 

U + x 2 J 

a 

2x 

x 2 + 1 

L.J_c- 

H 


y = e -1 * 1 


5. Sketch the curves; 

(i) y = x 2 - 2|x | 

(iii) y = e |x| (iv) |y|=x 

(v) y =x 3 -x (vi) y 2 = x - 1 

6. Construct the graph of the function 

y = f(x- 1) + f(x + 1) 
f1-|x|, when |x|<1 
0, 


where f(x) = 


7. Sketch the curves; 

0)y= 1 


when |x | >1 
1 


y = 


X - 2 
1 

|x | — 2 


y = 


(iv) |y| = 


x I - 2 
1 


|x | — 2 


y = 


■ + cosx. 



3 

w 

0 

* . 

3 

|4 

o-: 

3 

W 


8. Find number of solutions of 2cosx -|sinx|. 
When x e [0, 4 tiJ. 

9. Find the number of solutions of; 

sinrcx = |log|x ||. 

10 . Sketch the curve 

sin2x 



MM 

rrxi 

R 

f I 



: .,H 

Li 

■> 3 

5 - 

;M 

T* 

:t 


T 

T 

. 

',* ! 



HI 
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Asymptotes, Singular Points and Curve Tracinq 



















In this chapter we shall study: 

|jl_ Plotting of Rational and Irrational functions. 


Intersection of Curve and Straight line at Infinity. 


-jM 


ASYMPTOTES 


A straight line, at a finite distance from 


f the perpendiculardistance of Appoint P^n'th^^rve^fro^th 3 ^ 35 ^^^ 6 ^ curve ^ = /C x )> ^ 
tends to infinity. F tne curve from the lme tends to zero when x or y both 


OR 


curve to thiTstfaighUine 12°^ t0 & * the distance 8 from the variable point M of 

a- 8111 line a PP r oaches zero as the nnim m ^ y 


I . t 


• i 


IT" 


~r 




Mathematically 

Let y = /(x) be 


Fig. 3.1 


a curve and let (x, y) be a point on it. 
Tan ^atOc, y)isgivenby; 


Y ~y=^-(x-x) 

dx 


’r-f-.r.-i 

p 38 : 


Y = —-X + 
dx 


(*- > 8 ) 


.( 0 ,| 

1 I 

•V 

A i 


* 5* 


tt 
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H 


v 


ifaS yitip tote 
/J\V. 11 


exists, then x —> <>o 
y - x A JL 


d JL and 


™4 


dx 


dx 


cay 


4y 

dx 


m 


and 


fmite limit say m and c 

y __ *4y 


-> c 


^ (Q reduces to, Y - mX + c is asymptote of 
i " g sha || discuss the following cases 


(Lx 
equation. 


Pi 


n As)WP tote P arallel t0 - v ' axis - 
Asymptote parallels y-axis. 


S Asymptote of algebraic curves or oblique asymptotes 
iv ) Asymptote by inspection. 

(v) Intersection of curve and its Asymptotes. 

(vi) Asymptote by Expansion. 

(rig The position of the curve with respect to asymptote. 


> 

ft 

< 

i 

£ 

0 

H4 

ft 
ft 


' t 


4-4- 


I t 


"T 


1 


Asymptote parallel to x-axis 


* 


to 


~L 


Let the equation of curve be, 


(fl 0 x n + + a 2 x n ~ 2 y 2 + .. 


+ a n y n ) + (b lX n - x + b 2 x n ~ 2 y + ...+ b y"- 1 ) 


+ (c,X n_2 - ~"- 2 


+ c n y ri " 2 )+ ... + ... = o 


(i) 


2 a C 3 X y -f* 

ia it can be arranged in descending powers of x as follows: 

a 0 x" + (a,y + t ,)*"" 1 + (a 2 y 2 + b 2 y + c 2 )x "- 2 + ... = 0 ...(„) 

Now,ifa 0 = 0 , i.e., the term consisting x" is absent, then a,y + b, =0,Le., coefficient of x""'= 0 


3 

<3 ff 




Ht 


S) 


—4- 


dmake two roots of Eq. (i) infinite as coefficients of both x n and x n_1 


Hence, a x y + bj = 0 is an asymptote parallel to x-axis. 


are zero. 


::o 

! HI 

3 


* _ L 


l 


i ! 


L. 


Again if; both x n and x n 1 are absent, then a 2 y 2 + b 2 y + c 2 = 0, i.e., coefficient of x n " 2 being 


i 


will make three roots of Eq. (ii) infinite hence, a 2 y 2 + b 2 y + c 2 = 0 will give two asymptote 
parallel to x-axis. 


*=thod to find asymptote parallel to x-axis 

To find the asymptote parallel to x-axis equate the coefficient of highest power of x to zero. 
If the coefficient is constant, then there is no asymptote parallel to x-axis (horizontal). 


jj/ty A symptote parallel to y-axis 


»«■ above article, if we need an asymptote parallel toy-axis, equate the coefficient of highest 
is constant, then there is no asymptote parallel toy-axis (vertical). 


Lri - 


A l A 

AMp LE Qj Sketch the 


curve y - 


x-5 


ft 


0 )- 

3 

a 


? 


3 


( 6 — 

M 


i ftJTiOj 


l 


N Here; y (x - 5) = 1 

As J rn iptote parallel to x-axis. 


= 0 


!Sn 


l Ptote parallel to y-axis. 


y 

x = $ 


(equating highest power of x = 0) 


(equating highest power of y = 0) Li 


i 

0 


■ Y 




r T 




—r 


i . . 








, i 

I- r 

v!'l 

if 


tvr: 


|y 

" *li 
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i i 


port 1 


adjoining fig urc 


1/a* 


y = c 

- = log y 
x 


x - 


logy 


vhich sho\v$ 1 has an asymptote 

parallel t0 x-axis as 

logy = 0 => y = 1. 

Tlius, y = clA lias two asymptote 


Asymptote y-t | 

L 

o 

0j ' * 


| 




Oj 

*1 


x = 0 and y = 1. 


Mr. 3.4 


Asymptote of algebraic curves or oblique asymptote 


An asymptote which is not parallel toj'-axis is called an oblique asymptote. Let y - nix i c be an 
i asymptote ofy = fix), then 

y , 

c = Inn (y - nix) 


m = lim — 

X->oo x 


and 


X—) w 

or jt—» - ~ or a*->“« 


Method to find oblique asymptote 

Suppose y = mx + c is an asymptote of the curve. Puty = mx + c in the equation of the curve and 
mange it in descending powers of x. Equate to zero the coefficients of two highest degree terms. 
Solve these two equations, find m and c. Put them in y = mx + c to get asymptotes. 

Note 1. Here, we will find non-parallel or non repeated asymptote only. 

2. Neglect all imaginary values of m. __ 


EXAMPLE 0 Find the asymptotes to the curve y = x + i and then sketch. 

M SOLUTION Here, the given curve y ~ x + ~ 


=s> 

or 


xy = * 2 + 1 
x 2 - xy + 1 = 0 

(,) Asymptote parallel to x-axis 

gating highest power coefficient of x to z 
=3 


inx J -xy + 1 = 0 


(which is not true) 


1 = 0 


«i) 


no asymptote parallel to x-axis* 

Asymptote parallel to y-axis 

bating highest power coefficient ofy 


to 


zero in 


•*« 
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I 


x 2 - xy + 1 = 0 
- x = 0 


or 


x = 0 


(i.e.,y-axis) is asymptote f 0r y a 


sl I (Hi) oblique asymptote 


0 


1 ! 


Let 

Le., 


I 


-3 


y = mx + c in x 2 - xy + 1 = q 
x 2 - mx 2 - xc + 1 = 0 
=3 x 2 (l - m) - (c)x + 1 = 0 

Equating highest and second highest power of x to zero 
i - e -» 1 - m = 0 and c = 0 

m = l and c = 0 

or y = x 


is oblique asymptote to y = x + — 

x 


Now to trace the curve; 

(tv) Symmetric about origin (as odd function) 
(v) Domain <=R- {0}. 


I (vi) Range ? (-« - 2 ] u [ 2 , 

2 (using number line rule, 


I dx v 2 -~ {US1I 


: 


dy 


-1 


: 


— > 0 , when x<-l or x>l 


dy 


which shows 


dx 


< 0 , when - 1 <x< 1 -{ 0 } 


I 

: 


at x = - 1 


Mi) Also, 


y max 
y min ^ X = 1 

d 2 y _ 2 

X' 


dx 2 " 3 


d 2 y 


dx : 


0, when x > 0 


d 2 y 


dx' 


< 0, when x < 0 


> = * + i 


(conca ye 


(conca ye 


,<p do"' 


rt) 
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r 


Lfsing 


above information we can trace y s * + I as; 



Fig. 3.5 


SAMPLE @ Find the asymptotes of the curve y 

x 2 + 2 x-l 


x 2 + 2x - 1 


and hence, sketch. 


SOLUTION Here, the curve y - 


could be written as; 


x 2 + 2x - y* - 1 = 0 

0) No asymptote parallel to x-axis. 

Asymptote parallel toy-axis. => x 0 

Oblique asymptote 

Let y = mx + c be oblique asymptote 

x 2 +2 x-x(mx + e) I 
x 2 -^x 2+2x ' CX ' 1 = 0 

- * 2 (1 ' m) + *l~‘ nc l second highest power ofx to zero. 

Lor oblique asymptote equate highes P ^ ^ ^ = 1 

k, Coefficient of x ^ £ = 2 


.(0 


y = x + 


Coefficient of.x j +z 

2 is oblique asyt>P toie 10 X 



V r -: . 
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(jv) Neither sy 

(v) ix>t»ain e 

(vi) Range 6 j 


(concave 


(concave 


Using above information, we can plot the curve 


curve be of the form F n + F, 
Fn-n and degree of F n _ 2 < 

n ° tWO Straight linpc rpnrp 


by inspection 


* 
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£X A M p L E Qy Find the asymptote of,he curvc x 2 y + 2 _ 

i SOLUTION Here, 

This equation is of the form 


* 2 y + xy 2 = « 3 


Here. 


“ . 'V 

. By inspection the asymptotes are given by 


or y 2 v . _ 2 •. 

A y + xy2_ a 3 a0 

1 n + F n ~2 = 0 

and F 0 = - a 3 


F 3=x 2 y +Xy 2 


x 2 y + xy 2 = 0 


. The asymptotes are x = o, y = o, *.,.4 1 °'^ x + y)^o 

_ ^ y “■ o • 



EXAMPLE (£) Find the asymptote of the curve v = v 4 . 1 , 

I y x + ~ (by Inspection). 

SOLUTION Here, the given curve is a 2 - + 1 = 0 

This equation is of the form p . r A 

n "T 1 n-2 - u 

Here F 2 = A 2 - Ay 

_ . . *0=1 
By inspection the asymptotes are given by 

x ~ *y = 0 or a(a - y) = 0 
The asymptotes are x = 0 and x - y = 0 . 


* 

1 

i4 

0 

f+ 

(D 

(/) 

- i(Q 

£ 

fi) 


3.1 (v) Intersection of curve and its asymptote 


An asymptote of curve of nth degree cut the curve in (n - 2) points provided the asymptote is not 
parallel to any asymptote. 

Hence, if there be N asymptotes of the curve, then they cut the curve in N(n - 2 ) points. 


The number of asymptotes of an algebraic curve of nth degree can not be more than n. 


EXAMPLE 

Points. 

0 SOLUTION 

Her e n = 4 


Show the asymptote of the curve xy(x 2 - y 2 ) + x 2 + y 2 - 1-0 cut at 8 


The equation of the curve is, 

xy(x 2 -y 2 ) + ** +y 


2 ,,2l x v 2 -4- V 2 - 1 = 0 


...(i) 


This 


He 


Ration is of the type F n + fv 2 ~ ® 


nee, 


and 


\ 


y = 0 , a - y = 0 and x + y 

c °hibined equation of the asymptotes is, 

^ (x -y)(X + y) = ° 


F = xy(x 2 - y 2 ) = *y( x - y) Cx + y) 

Fn-2 =* 2 + y 2 ~ l 

F " = 0 are the equations of asymptotes. 


..(ii) 


"0 

0 

3 

sr 

1 

3 

a 

0 
c 

1 

1 

0 - 

3 

to 

: ; i 

. [. -- ■ 1 - 

HtT 

T t " 7 

T ! 


145 


1-4 




tit 

i 

XI. 

1 1 
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U 

ii 

IX 

IE 

i 

Xu 

\ t, 

• S ' \-r* 
\ ' 1 

•? 

4 -r- i-. 
| ! I 

T Ft ■ 
th 

h>Lj^ 


Su „ OT cung^( |i)fr0m(i) ' WC8L “ x 2 +y 2 -l = 0 

jnu .r S ecion of curve end asymptotes lie on this curve since, there are 4 

N = * of intersection of curve and asymptotes = 4(4 - 2) = 8 . 


, If ,he equation of the curve is of the form 

y = mx + c -f — + — + — + 

* x 2 x 3 

Then y = mx + c will be an asymptote of the given curve. 
example (D Find the asymptote of the curve y 3 = x 2 (x - a). 
0 SOLUTION The curve is, y 3 = x 2 (x - a) = x 3 |l - -I 


asym Ptotes,i, 


/ \ 1/3 

f 1 "") 

or 

* 

ii 

>i 

(i la . 

i 

l >-* 

l x) 



k 3 x 

9x 2 J 


or 


- x - a fl2 
3 9~x"' 

A B 

y = mx + c + 

x x 2 

y = mx + c 


which is of the form 


is asymptote 


Hence, y - x - — is asymptote of the given curve. 

u 


l 


EXAMPLE Find the asymptote for 


y = x + — 
x 


s T 

”f 


- 

/f 

, 

■ 


SOLUTION Here; y = x + - is of the form, 


A B 

y = mx + c + — + —r + ••• 
x x 


y ~ x i s asymptote of the curve 





r ' V X 


n.. 


:• tj 

* YU; 



N ° ta ^°, Ve method is useful to find oblique asymptote. 

~~ -Si gl snd ho rizontal asymptote fi.e.. a symptote parallel^ !!- 

ftBBEsm 


^ ^ Position of the curve with respect to an asymptote 


Cc l Uat; ion of the curve is of the form; 

A ^ B then 

y = mx + c + — + —£ + 3 

x x x 


to fi" d 


U;,'-'.’-' V'.V • 
v.’ :T 
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The curve lies above the asymptote if 

(i) A ^ 0 and, A and x have same signs 

0 r (ii) A = Of B> 0 

(Ul)A . °’ C *° a nd C and x have same signs and 

( b) The curve lies below the asymptote if 

(i) A *° and, A and a have opposite signs. 

or (ii) A = 0, B < 0 

or (iii) A — 0, B = 0, C & 0 and C and v r, 

c and x have opposite signs. 

EXAMPLE For the curve y 5 — v 5 „ 4 

y +2 x*;show; 

(0 The curve lies above the asymptote 

(U) The curve lies bdow the asymptote 


0 SOLUTION The given curve is 
or 


y s = x 5 + 2x 4 
y 5 = 


y = a + _, 

5 

if 

x<a 

y = a + _, 

5 

if 

X> Q 


-4*9 

-Hr 

y = + JL.J_ 

V 5 a: 25 v 2 


=*+--JL + 

5 25a 


y = x + - • 

5 


" The asymptote is 

(0 Now if a = - JL , 

25 nd x have same sign => v < o Tfi«« *u 
asymptote. ^<°- Then the curve lie above th 

®) Now if a = __ ® j , 

25 and X h ave opposite sign 


asymptote. 

Sample 


^ > 0. Then the curve lie below tl 



For the curve y = x + - show, 

X 


(i) The curve lies above the asymptote y = x, if x> 0 

% (ii) The curve lies below the asymptote y = x, if a < 0 

S ° l UTION Tho • . 1 

The given curve is, y = a + is of the form 

v- 


y = mA + c + — + — + — 
x x 2 A 3 
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1 

Thus, y = v is the asymptote to y = x + — . 

(0 Now if >1 = 1 and x have same sign =* x > 0, then the curve H 

asymptote, ,es above ^ 

(ii) Now if /l = 1 and x have opposite sign => x < 0, then the curve r 

asymptote. ,es below t}j. 


~y— T ~ " ‘ ) " fj I 

Hj Here, we shall discuss the following 

^ fi\ _ 


SINGULAR POINTS 


! i 


(i) Multiple points 

(ii) Double points 
Types of double points : 

(a) Node (b) Cusp 

(iii) Tangent at the origin. 

(tv) Necessary conditions for existence of double points 
(v) Types of cusps. 


3.2 (i) Multiple points 


(c) Isolated point 


t: 


this point™ 0n a curve ‘ s saic ^ to be a multiple point of order r, if r branches of the curve pass through 
branches. These r tangents at P ’ one of each of the r 


3.2 (ii) Double points 


through this point CUIVe * ^ t0 be 3 d ° Uble point of * e CUIVe . if two branches of the cum pis 

'***■*■ ^ may be ^ — 

(a) Node 

are real and distinct then thedl™^ 88 t ^ le ^ ou ble point and the tangents to them at the point 

ttnet, then the double point ts called a node as shown in Fig. 3.7. 

Tangent 


Tangent 






(b) Cusp 

PoJfe^ofthe 


Fig. 3.7 



‘Cusp 


Fig. 3.8 


and coincident ^ CUFV u ^ ass t ^ rou 8b the double point and the tangent tc 
5 en ^he double point is called cusp as shown in Fig. 


them 


are 


tttf 
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<1 jrraph of * continuous function y »/fy) has * cusp „, ^ ym ,„^ 
KuZ hath side of c and either. y ^ -- 


0 „ the both 

0 * j jjn /'(x) = ~ and lirn / '(*) = _, 


conca-vity 1? 


1. 




OR 


2, Itin / (xj = - ~ and ^llm / (/) - *h 0 


> 

< 


/~’ c 


v/n a/- 


1. Jim /'(*)*«» and lirn /'(*) = _ ,J 2 ij m rV y , • - r , 

x~*c y-yr.' 1 • ilm . / f.xj = - <=* ana Lira / Oi = ~ 


y-a/if; 



y-a>& 

1 



c 

c 

VJ 

% 

<A 

~3 

<a- 

-S" 


Note A cusp can either be a local maximum (1) or a local minima as in (2). 

fc) Isolated point 


4t” point™' P ° im °" ,HC CUrVe in the ^^bourhood of a point P is called an isolated or a 


2 

5' 

a: 



o 

~c 

1 


^4b^ raic CUrvc P asses through the origin, the equation of tangent or tangents at the origin is 
^ ^hating to zero the lowest degree terms in the equation of the curve. 


I. p L E O Show that the curve y 2 = 4x 2 + 9x 4 has a node at origin and hence, sketch. 

*° LU TlON tu 

•he equation of the curve is, 

y 2 = 4 x 2 + 9 x 4 


Itt 

0 

T3 


r ■ r — 


S- i t 


...O') 


ttt,s 


EEIXi 




4,>.. 

‘ 1,1 

* 1 — 

- 1 


; 

f 

i 1 ‘ 


j 

!•; ! 


i I 




b 4 4-4 

4 — f 

— 7 T t 
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•4 


0 ) 

x- 

-ft- 

flj 

£ 

01 


I 

-§ 

E 

ff 


It passes through lhe | owcst degree terms of the given curve, i.e 
Mow, equating to zero y 3 - 4x 2 = 0 

y = 2x and y = - 2 x 

! There are mo real and distinct tangents y = 2x and y =-2*. Thus, two bran, 

! passes through origin (0, 0). 
j origin is node. 

Now to sketch; 

(iii) symmetric about x-axis, y-axis and origin. 

(iv) As x —> 0 => y -> 0 
| (v) Domain e R. 

(vi) Range e R. 

Here, we shall discuss the behaviour of y = xJa + qZ^ „. . 

, o , and 

construct y = x (4+9x ). 

(vii) 2y — = 8x + 36x 3 = 4x(2 + 9x 2 ) 

ax 

dy 


i ches of 


curve 

-oo 


use symmetry l0 


(viii) Also, 


-7- > 0 for all x, y > 0 
ax 


f dy \ 2 d 2 y 

T\ + y-4 = 4+54x 2 

W dx 2 

£y 

dx 


, > 0 for all x 


4 - 

-L 

1 

— 
• i 
: 


Thus, the graph for y 2 = x 2 (4 + 9x 2 ) 
EXAMPLE ^ Show 





origin is a conjugate point for 

x 4 + y 3 + 2 x 2 + 3y 2 = 0 

y S0LUT, °N The given curve is, x 4 + y 3 + 2x 2 + 3y 2 = 0 
It passes through origin. 

To find equation of tangent at origin equating the lowest degree term to zero. 

It 6 « 00 

2 x 2 + 3 y 2 = 0 
2 

- x 
3 




=* , . * 

y = ±1 * -x 

J \3 

jvhich are imaginary tangents. 

is a conjugate point of the curve. 

pEi_ 1,1 - 



:-V. y 

150 


If* ^ ^ be a P° int on the given curve fix, y) = 0. are : 

e necessary and sufficient conditions for (x, yj to be a doub e P 

f-o 9 /-o 3 t = 0 at cx,y) 

/ - 0, ai -0 ’ * 


■» 
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if 


a 2 / a 2 / 


and 


d 2 / 


$a *’ u axa>' a.v" ay 2 are not a11 zero, then, 


Double point will be a node if 


* 2 f 


ox 3y y 


Jif/' 

a.v 2 


2 f \ 


iv 


> o 


or 


y fxxfyy > 0 

;-rj The double point will be an isolated point, if 


> 

< 

z 


fxxfyy < 0 


fs) The double point will be a cusp if 


fxy fxxfyy— 0. 


Here, if/ xx f xy f yy Oat (x, y ), then it will be a multiple point of order greater than 2. 

EXAM P L E Q For the curve x 3 +x 2 +y 2 - X - 4y + 3 = 0 .find the double point and hence, 
whether the point is node or isolated point. 

| SOLUTION Let f(x, y) = x 3 + x 2 + y 2 - x - 4y + 3 = o 
! " f x = 3x 2 + 2x - 1 


fv = 2y - 4 


fx =0 


3x + Zv - 1 = 0 


for a double point f x = 0, f = 0 


X -3* - 1 


/v =0 


Possible double points are f— 


!? 


G4 c - ! ' 


2y - 4 = 0 

2 ) 


J = 2 


~3- 


/ I —, 2 j 0 and /(- 1 , 2 ) = 0 


^ 2) is a double point. 

/„ = 6x + 2 => /„ at (- 1 , 2) = - 4 

f v = 0 => 4 at It 2 ) = 0 

/vv = 2 => /jy at (“ !» 2) = 2 

" f - f f = 0- (- 4)(2) = 8 > 0 

’ 1,, IxxJyy 

•>,L jf . Jma y be node. 

O '" 8 °rigin to (- 1 , 2 ), substitute x = X - 1 , y = X + 2 in the given equation, 

x 3 - 2X 2 + r 2 = o 


o 

c 




ft 


l j 


J-flU 

JO- 

-« 

13 1 

m 


-H 


i i 


r,- 


y = ±xV 2 -X 

•v f U ^ericaii, 

,2) ^ ^ small values ofX, 7 is real. 

a node on the given curve. 


-S - 1 -- 

! 1 


f < 

- - 

.• j ~ 

I 1 


t — 

t * 



.151 j 

» 

.-•r- 

{ 

> 4 . J 

t 

' f 

! - 
-a.. 


fcv • •: • 


., iii ~~ 

l.i i i_L~ : 
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t*** p Z.l„ «* <*? «■ ^ h,ed poinL 

t.xcd***"-- )=I >, 2x l - 2v - y 2 - ^ - >' - '■ 


''i 


^ SOLUTION 


5x - 2y = 0 

c - 3x 2 + 4x - 2y + 5 
' r etc 

-?L = 2x- 
*/ 


/,=^- = 2 x- 2 y -2 


f. - —r = 6x + 4 
” 3x 2 

/ =i!L = 2 

/r/ to ay 

/ ,J!L ._2 

ay to 


For double points 


or 


o 

II 

II 

< 

II 

O: 



h =0 

=* 3x 2 

4x + 2y -f 5 = 0 

•«(£) 

f, = ° 

w 2x - 

1 

to 

II 

o 



2y = 

2x - 2 

...(b) 

vie get 

3x 2 + 4x 

-f 2x- 2-f 5 = 0 



satisfies the given equation- 


=* x = — 1 

also x = - X y = - 2 

:. (- 1, - 2) is a double point. 

At (-1,-2), f rx = 6(- 1) + 4 = - 2 

4 = 2, 4=-2 

4-44 at (-i.-2) = o 

(-1, - 2) may be a cusp. . 

For shifting the origin to (-1, - 2) substitute x = X - 1, y = y ~ 2 in the given equa 

(X - l) 2 + 2(X - l) 2 + 2(X- 1 )(7 - 2) - (y - 2) 2 + 5(X - 1)- 2(y - 2) = (jf) 

or X 3 - X 2 + 2XY-Y 2 =0 

Y = X± X-FX 

y real for all positive value of X. 

" fv/o branches of (iv) pass through origin. 

" ^ v/0 branches of (i) pass through (- 1, - 2). 

-T' % - 2) is a cusp. _ _ 

* nldtcd 

EXAMPLE CD Find for the curve y 2 - x sin x origin is node, P 

* Solu TION Let f( x , y) = y 2 - xsin x 

f x = - sinx - xcosx 
f =2y 

f = - cosx + xsinx- cosx 

J XX 
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U=o 

fyy = 2 

. a t X = 0 * fxx — ~ fxy ~ Q> fyy = 2 


fi - f«f: 


yy 


at 


( 0 , 0 ) 

0 + 2 ( 2 ) = 4 > 0 
fxy ~ f xx fyy > 0 


origin is node. 


T?/V) Typesofcusps 


VVhen two branches of a curve pass through a cusp and the tangents at cusp are coincident. 
Therefore, normal to the branches at a cusp would also be coincident. 

Cusp can be of five kinds 

(a) Single cusp 

If the branches of the curve lie on the same side of the common normal, then the cusp is called a 
single cusp. 



(b) Double cusp sWes of the common nonnal> ^ the cusp is called 

If the branches of the curve lie on the b 

d0Uble CUS P- i •„„„ the both sides of common tangent, then the cusp is of 

Here, both the branches of the curve li 

fekind - r nn the same side of the common tangent, then the cusp is 

Also if, the branches of the curve he 

cusp of second species or Ramphoid cusp. 

y 


'.. ■ 
i ~.. 

v :■ 

| ... ... 
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2 
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Pt : 
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(c) Point of oscu-inflexion 

A double cusp of both the species is called a point of oscu-inflexion. 

y 


Normal 





id 


4* 


» i 


Fig. 3.16 

EXAMPLE Sketch the curve y 2 (a + x) = x 2 (a - x). 

C) SOLUTION Here, the curve is 

T y 2 (a + x) = x 2 (a- x) 

I 1. The curve is symmetrical about x-axis. m 

| 2. Curve passes through origin and cuts the x-ax* at a pom: , )• 

j 3 . Equating to zero the lowest degree terms of^O), we get 

4. Equadn^to'zero’tte highest degree term, we geuhe asymptote 


... 0 ) 


\ 


y=±x 


a - x 


T! 


5 . From Eq. (i) J \ a + x 

, ns y< a Domaine (-a, 4 

. oaSy increases upto a point then decreases to zero. 

6 . As x increases from 0 to a y 

=$ y increases when x e [0> o] 
y decreases when x e (-a, 0] 

Thus, y’( a + x) = x 2 (a-x) could be plotted as, 



1 i 

1 \ 

1 \ 

1 \ 

1 \ 

i\\ node 

i \\ \ 

i £ \ 

i o XA 

i "o j 

y=X 

*$/ \ 

/ 1 

/ __ 1 

\l 

/ \ ---- 

" *7i i.. n\ 

(-a,0).t / 0 

v yi o) 

V—/ ( 

• o) j/y 

1 <T3 // 

\ 1 

1 // 

1 / / 

1 / / 


1 / 

1 / 

1 / 

1 J 

i r 



el: 

S5is 


x = -a 



Fig. 3.17 
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and curve remains Virr.e.. 

ridy curve remains same. 

' x by -y and y by -x curve 

remains sarce. 

ie ) The curve is symmetrical in opposite quadrants, i.e., f{-x) = - /(*)- 


T Check for origin 


Find whether origin lies on the curve or not. 

If yes, check for multiple points (See Art. 3.2). 


^Paint of intersection with x-axis and y-axis 


Put x = 0 and find y, put y = 0 and find x. Also obtain the tangents at such points. 


A curve is symmetrical about v-axis. y | ?1 \, y _ y 

A curve is symmetrical about y-axis, /.<•., f(- x) - fix). 

, c j a curve is symmetrical about y - ,v. i.r., on interchangingxa 

_ >'f nKrxnt % * .. . ♦ . 


, 0 a curve is symmetrical about y = - x. 


Find the point at which asymptote meets the curve and equation of asymptote (see Arc AT) 


5. Domain and range 


To check in which part the curve lies. 


ft Monotonicity and maxima minima 


Find ^ and check the interval in which y increases or decreases and the paint at & 
dx 

5ttsinsmaximum or minimum. 


Concavity and convexity 


Tta interval in which, 


'-’i 


fy 

dx 2 

l2j 


> 0 


££< o 

dx 2 

“ i!n ?all the above results we can sketch the ctitve 

y = m 
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m mv'j 


ftl j 

2 EXAMPLE Q Sketch the curve y 2 (a 2 + x 2 ) = x 2 (« 2 - * 2 ) 

“• a- I . ..2 _ x 2 (a 2 - x 2 ) 

2* /% /»/m i iTinM Here, the curve is J - ~T - ? t~~ 


jg $ SOLUTION Here, the curve is 


(a 2 + x 2 ) 

flH j ! The curve is symmetric about x-axis and y-axis {as on replacing y by -y curve re • 

Th ‘ and on replacing x by -x curve remains same thus, symmetric about 
^S__‘ | respectively). ana 3^-axis 

J j 2. passes through origin and y = ± x are two tangents at origin. Thus the 

3. It meets x-axis at (a, 0), (0, 0) and (- a, 0) and meets y-axis at (0 0) onlv * ^ S ' 

The tangents at (a, 0) and (- a, 0) are x = a and x = - a respectively Y 


S? 


1 node. 


4. The curve has no asymptote. 

5. Here, 


M ! f 


4~ 


■4 


T* 


T~ 


i 


7" 

& 

56 i 

> 


fc ; 

I 


6 . 


and 


y = ± x. 


a 2 - x 2 


\a 2 + x 2 


Domain e [- a, a] 


dy 


a H - 2a 2 x 2 - x 4 


dy 


d* (a 2 + x 2 ) 3/2 ( a 2 - x 2 ) 1/2 



j —> 00 as 

dx 

Also 

dy 

— = 0 


dx 

t.e., 

X 

1 

OJ 

X 

CN 

CN 

1 

II 


± a 


when a 4 -2a 2 x 2 -x 4 =0 


(a 2 + x 2 ) 3/2 ( a 2 _ x 2 ) 1/2 

^ _-^ 4 +2a 2 x 2 +a 4 - ^ } 

(a 2 +x 2 ) 3/2 (a 2 -x 2 ) 1/2 
= lj(y 2 +a 2 ) 2 -CV2a 2 ) 2 { 

(a 2 + x 2 ) 3/2 ( a 2 _ x 2 ) 1/2 

= - V(- 1 + V2)a} {x + -Jc-1 + V2)a} {x 2 + (1 + V2)a 2 } 


4y 

dx 


(a 2 + x 2 ) 3/2 (a 2 - x 2 ) 1/2 

a > * = ± VC-1 + V2) a 
+ v ^ xg (- ^(- 1 + V2) a, -y/(- 1 + 71) a) 

- x s (- a, - 4“ 1 + V2) a) or (>/(-! + 


12) a, d) 


y ^creasing when x e (- J(- 1 + ^2) a, <Jm"+V 2 ) a) 

I -^ 2 ) ^ 

^ decreases when xe (- a, - ^(- 1 + >/ 2 )a) or W(' 1 + 
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dy 


OR 


where 

Thus, the curve for 


dx > °' whei ' *e(-(o.6 )a , 

dv when , v <= (- a , - (0 6) 


f - 


= ( 0 . 6 ). 


( 0 . 6 ) a) 

or (( 0 . 6 ) a, a) 


> 

0 > 


4 - 


,, , 'approx 

T (a * + * ! )-*»( 0 »- x 2 ) 



u 

o 


4 J i 
l J 

tl 


\ l 


9 

s 


4 

■H 


EXAMPLE sketch the cun>e y 2 ( x - a) = x 2 (a + x). 


0’ SOLUTION Here, the curve is given by y 2 = * 2 t a + *) 

I 1 (x-a) 

*• b )’ In inetrical about x-axis only. 

' n n PaSS !! thr0U§h ongin and y 2 + x 2 = 0 , i.e., y = ±ix are two imaginary tangents at 
i , * ln - Thus, origin is isolated point, 
j ’ 1 meets x-axis at (- a, 0 ), ( 0 , 0 ) andy-axis at ( 0 , 0 ). 

I ^ tangent at (- a, 0 ) is x = - cl 

^ ~ - (x - a) and x = a are three asymptote. 


I 

ZfTfc 

--- 

t _ 

1 ~ 


5. 


y 2 = 


^ us > for domain; 


x 2 (x + a) 
(x- a) 


y = ±x 1 


x + a 
x-a 


x + a 


> 0 and x * a 


t-e. 

or 


-a 

rJrg&fcfc.’ i-- ‘ 


6 . 


dx 


= + 


x-a 

x < - a and x > a 

Domain e (- - a] u (°» 00 ) u ^ 

jx - 2 (1 + V5)aj |x - - (1 - V5)a| 


a 


x - ax - a' 


\l/2 


■= ± 


(x - a) 3/2 (x + a) 

when x e 


(x - a) 3/2 (x + a) 


1/2 


« 

3 

ca 

c 

ST 

n 


1"0 

0 

3 

</> 

-J- 4 ■ 1 

1 

-3 - 1 ir 

a 

In 

5 

- - 

*! ■*T| ! 

\ 

* m . 

0 f 

i : 8.| t- 

rgfj 

" 


h 


dy 

~7~> 0, 


dx 


(— oo, - a] u 


2(i + V5)a, 


i— |— 

J:.-- 

.'157 




'll. 




. _®§- II 
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EXAMPLE O Sketch the curve v~x~ = x~~ c~. 

■*> *\ 

I SOLUTION Here*. v r = 

• ^ 

x' 

1 . SxTnmetrica] about both the axis. 

2. It does not pass through origin. 

1 .v-intercepts are (a, 0 ) and (- a, 03 
The tangent at (a, 03 is x = a and the tangent at (-a 03 is x = - a 
; 4 *)' = ± 1 are the two asymptotes. 

{ I X** Q ^ 

I $. y - ± 2_I- =* Domain €(-«,- a] u 1 [a, «0 



dv 

dx 


x 2 V*‘ - a ‘ 


> 0, when x € - o3 u (a «0 

dx 


Z- 

z 

SL 
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symmetric - v ’ axis - 
h Ues i*u the curve mul y ■- \ v are iw.t... 

J‘ ^intercept mv (0. 0) and (<i. 0). The tangem atTa'nVi" ° ,lMin ' ,So ’ or, « ,n *« node. 
* v « - a is the only asymptote. ’ * KA a - 

5 


->'** xf'Z* 


<iy . a" — o.v - ,v*' 


V a i x 
Domnin g (- «, aj 


dv (n + x)Ja' ~ x’' 


— > 0. when x e 
ax 


-a, zLti 5 

r> 11 


dy n 

— < 0 , when a* e 
ax 


Thus, the graph for 


1 + Vs 


a, a 



a + x j aS sll0Wn tn Fig. 3 . 23 . 



F'e- 3.23 


“AMPLE @ Sketch thecwvc x* + y> - 3ax > , m 
0* J?°. ! ne of symmetry. 

^ 6 tangent a t ( 3 a, 0 ) is x = 3a. 

s asymptote and the curve meets asymptote at f— 

5* Here- ^ 

^ * +y = 3 ax 2 

3 ax 2 > 0 

* 3 +y 3 >0 CaS - ° > ® 

'■e- AC andy both cannot be negative (thus, curve would not lie in third quadrant) 

y 2 -^ = x(2a-x) 
ax 


2a 

< 3’~3 


> 

■< 


n 

H* 

0 




(D 

to 

s» 

w 

3 

« 

C 




•f— 


&) 

■t 

? 


5 

V) 


fi> 


44 

4 


3 1 

a 

o 

i 

3 


* * i t 




6 . 


dy 

— > 0, when x e (0, 2a) 
ax 


H 

? 

a> 

0 

3 

(Q 


dy 

— < 0, when x e (- °°, 0) u (2a, «.) 
ax 


^;j 

■ 


i 





liv’v'v 


i. ! 1 ’ 

lei 

» —i - ! 

i •' 

; .Jj 

i~HH 

4 _ 1 _L 1 

!' -i « 

r r 

4 . 44 ... 

re 


"i 

—k 


jt-T -L- 


RtTFT 
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Pfay with Graphs 


Tl'.ti* 


the cu rVC y 


3 + x 3 = 3a* is, 



EXAMPLE^ Sketch the curve with parametric equation 0. 

i SOLUTION H X = a(0 + Sin0 )> y=a(l + cos 0 ); «(- Mi 

ere, x a(0 + sin0) and y = <z(l + cos0) gives the following table for* and v 


v/ith 0. 


So, that we have, 



i 


, - 7l<0< 0 

>y starting from (- arc, 0) moves to the right and upwards to (0, 2a). 

th * • 0< 0< rc 

point (x, y) starting from (0, 2a) moves to the right and downward to ® 


Now d* 

do “ 0 if 9 - n, - K 


moves 
dx 

— = a(l + cos0) 
a0 

dy . 

~ = - asin0 
d0 


dy_ 

dx 


tan 0 
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T"' r 


for the values + it of 0 for which — = o 
e>c 1 dO 

Also, tangent at 0 = n and 0 = - * are x = n and x = - n, 

Thus, thc curve for x = a W + sinO) and y = a (1 + cos 0). 


y 




t s 

1 * 
3 0 



5 


Fig. 3.25 




example f? » Sketch the curve : x 5 + y 5 = 5 a 2 xy 2 . 

^SOLUTION Here; 

1. The curve is symmetrical in opposite quadrants. 

2. The curve passes through origin and x = 0 , y = Oare tangents. Thus, origin is node. 

3 . It meets coordinate axis at origin. 

4 . x + y = 0 is an asymptote. 

5. On transfering to polar coordinates, we get. 


5q 2 cos0sinQ 
cos 5 0 + sin 5 0 


when, 0 = 0, r = 0 when, Q - r ® 

n 3n 2 is negative and hence, r is imaginary. 
As 0 increases from — to —> r 15 11 5 

no portion of the curve lies in this region. 


3k 


At e = — r = ~ as 6 increases from — to a 
4 ’ 

Curve x 5 + y 5 = 5 a 2 xy 2 


r decreases from °° to 0. 


3 

1 

ST 

-D 

0 


.163 

i 

4 -i" 
4 
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EXAMPLE e Sketch the curve y A - x A i xy ** (), 

) SOLUTION I lore, y ' “ x * + *y E 0 

1. No line of symmetry. 

2 . It passes through origin two tangents at ( 0 , 0 ) as „v a () «,nd y () 

origin Is node. 

3. it cuts the coordinate axes at the origin only. 

4 . y = x> - x are its asymptotes. 

5 . Converting into polar coordinates, 

r 2 = i tan 20 
2 

6 . When, 0 < 0 < ~ or 0 < 20 < | => r 2 increases from 0 to «*. 

When, - < 0 < - or “ < 20 < n => r 2 is negative, 

.*. no curve when - < 0 < —. 

4 2 

Hence, the curve 
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1 k .5 



i y - 77 2\2 

(1-x-)’ 

5. v = 2v - 1 + --— 

(x + 1) 

i „ x 2 +1 

11 y=-r~.: 

x -1 


11. y s jft 

a*+x 2 

| 1t y * =x af£±£ > | 
Vb-xJ 
8a 3 


*y -5 - 5 

X 2 + 4a 2 
14, y cos x 

cos2x 


11 y = arc cos = ci 

U v [ ' + x ) 

I y = arc sin (sinx) = sin -1 

l5 ‘ ^ = sir <(arcsinx) 

* ~ ar ctan(tanx) 

1 X ar ctan (1) 
io. „ \x) 



>U + ^(* 


24. y = (x + 1) 2 ' 3 +(x-1) 2 ' 3 

25. y 2 = 8x 2 - x 4 


26. 


27. 

28. 


y 

y 

y 


2 = (x - 1)(x - 2)(x - 3) 
2_X-1 
x + 1 

2 X 2 (1-X) 

(1 + x) 2 


29. y 2 =x 4 (x + 1) 

30. x 2 (y - 2) 2 + 2xy - y 2 = 0 


31. 


32. 


X = ^( f + 1)21 y 



= 7 (f_1)2 
4 

1 

1+ f 2 


33. X = 


t- 1* y f 2 -1 


34. x =-5f 2 + 2f 5 , y = -3f 2 + 2/ 3 
__ f 2 +1 f 

35 ' ^ = ^0' r = 7 Tl 
36. x = 4^,y = ( '- 2)! 


37. x = 


(f + 1) f" 1 

f-f 2 t 2 -t 3 

u?' y " 1+f 2 


38. x 3 +y 3 = 3axy, where a>0. 

39. (x -a) 2 (x 2 +y 2 ) = t» 2 x 2 , where 

40. x 2/3 +y 2/3 =a 2/3 . where a >0 

41. x 6 + 2x 3 y = y 3 

42. 4y 2 =4x 2 y + x 5 

43. x 4 + 2y 3 = 4x 2 y 


44. x 3 -2x 2 y-y z =0 

45. x 2 y 2 +y = i 

46. X 3 + y 3 = 3x 2 

47. y 5 +x 4 =xy 2 

48. x 4 -y 4 +*y = ° 

49. x 5 +y 5 =*y 2 

50. x=a sin20(1+COS20). 

y = a cos 20(1-cos 20) 
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b &htr//n 
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Here, f(x)=[[x) - x] = [*] + [-*] 

_J X ~ X > x e integer 

(M + (-1 -[*]); x «: integer 
_ J 0; * e integer 
[-1; x r integer 


y 



Prom figure; 

Slope of OP < Slope of OQ. 



1-0 


tan' 1 a - 0 
a -0 


tan" 1 a 


a 


n 

? 
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Clearly, die above curves intersect at 5 points; 
number of solutions = S 




i 



T~ 



9. Clearly; 


or 


Y — 1 


<1 


Y € 


X 2 < | Y - 1| 

-1 - V5 -1 + V5 


10. Here, y 3 = 3 + [y] 

•*. to sketch /(y) = y 3 
and g(Y) = 3 + [Y] 

Clearly; from figure the two curves fix) and gQO intersects 
when g(Y) = 4. 

/(y) = 4 

=> y 3 = 4 

or x = 2 2/3 . 
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• • num ber of solutions are four when x e [0, 4 tt]. 


* 

0 

Jt/6 

71/2 

5ti/6 

*2 

/ ^T N 

to 

»|if. 

3a 

2 

(?■*•) 

x 4 


2a 

y 


0 

-2 

0 

9/8 


0 


9/8 



y 

— 


-3>/3 

2 

0 

3>/3 

2 

0 

- 

0 

+ 

0 

- 


v 

1 

1 

3 V 3 

4 

1 I:‘w4w 

-i 



/- 3 VT 5 
// 16 

• •- .> > •* 

0 


7 3V?5 

/ 16 I 

f 

1 


| /'\ 

3 

" - 3 V 3 v 

- 4 


. 




i 

) * 



y = — sin 2x + cos .v, 
J 2 


*rv r 

i- h - • t 

4 h 


—{ • ' ' 

< I 


periodic with period 2 a. 


4-1"j 4 


| 44 - 

i i i 


175 

j.J.. 

• t 1 



• C ’ 


t, T „ 

i 

; 

- 

4 

i 

! ■» 
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ASV 


, m ptot£S. singular 


POINTS AND CURVE TRACING 


? 1 4 

y=1+X 2 - -rX^ 


C'l+.fiO) 




► X 


w — ^ y _ ^ y^ . 1 y.5 

y_ 5 X 2 X + 10 X 


y=(x+1)(x - 2 ) 2 


H,0) 


( 1 , 0 ) 


->x 
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46. y 



48. 































